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Abstract 

Let V C CP n be an irreducible complex projective variety of complex dimension v and let g be the Kahler 
metric on reg(K), the regular part of V, induced by the Fubini Study metric of CP n . In [3l Li and Tian 
proved that Wg’ 2 (reg(V), g) = W 1,2 (reg(V), g), that the natural inclusion W 1,2 (reg(V), g) <-> L 2 (reg(V), g) 
is a compact operator and that the heat operator associated to the Friedrich extension of the scalar Laplacian 
Ao : C£°(:reg(V)) —¥ C£°(.reg(V)), that is e~ tA ° : L 2 (ieg(V),g) —> L 2 (reg(K), <?), is a trace class operator. 
The goal of this paper is to provide an extension of the above result to the case of Sobolev spaces of 
sections and symmetric Schrodinger type operators with potential bounded from below where the underling 
Riemannian manifold is the regular part of a complex projective variety endowed with the Fubini-Study 
metric or the regular part of a stratified pseudomanifold endowed with an iterated edge metric. 
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Introduction 

Complex projective varieties endowed with the Fubini-Study metric as well as stratified pseudomanifolds with 
an iterated edge metric are important examples of singular spaces with a rich interplay between topological 
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and analytic questions. An important topic in this setting is certainly provided by the heat operator and 
its properties. Many papers during the last thirty years have been devoted to explore this subject. With¬ 
out any goal of completeness we can mention here the seminal paper of Cheeger [2D], where the study of the 
heat kernel on stratified pseudomanifolds has been initiated, EE m , EE EE m where the heat oper¬ 
ator on manifolds with conical singularities and on manifolds with edges is studied, [14] . [3b ;35 and [36] 
that deal with the heat operator on complex projective varieties and so on. In particular in [31] . generaliz¬ 
ing the results established in [35] and [36] . Li and Tian proved, without any assumptions on the singularities 
of V, that Wl' 2 (jeg(y),g) = W 1 ’ 2 (reg(V),g) (in other words the L 2 -Stokes Theorem holds for functions), 
that the natural inclusion W 1,2 (jeg{V),g) t —► L 2 (reg(V),g) is a compact operator and that the heat oper¬ 
ator associated to the Friedrich extension of the scalar Laplacian A 0 : C£°(reg(K)) —>■ C£°( reg(V)), that is 
e~ tA ° : L 2 (reg(V),g) —► L 2 (reg(V), g), is a trace class operator. 

In this paper we are interested to extend the result of Li and Tian to the case of Sobolev spaces of sections and 
to symmetric Schrodinger type operators with potential bounded form below where the underling Riemannian 
manifold is the regular part of a complex projective variety endowed with the Fubini-Study metric or the regular 
part of a stratified pseudomanifold with an iterated edge metric. 

Let us go more into the details explaining the structure of the paper. The first section is devoted to the 
background material. We recall briefly the definition of L p spaces, maximal and minimal extension of a dif¬ 
ferential operator and the notion of Sobolev space associated to a connection. In particular, given an open 
and possibly incomplete Riemannian manifold (M, g) with a vector bundle E endowed with a metric h , we will 
consider the spaces W 1,2 (M, E) and Wq' 2 (M,E). The former is the space of sections s £ L 2 (M,E) such that 
Vs, applied in the distributional sense, lies in L 2 (M, T*M ® E). The latter is defined as the graph closure of 
V : L 2 {M,E) —» L 2 (M,T*M ® E) with core domain E). the space of smooth sections with compact 

support. In the second section we recall Kato’s inequality and then we provide some results about the domina¬ 
tion of semigroups. In particular, under some additional assumptions, we give a proof of the domination of the 
heat semigroups on a possibly incomplete Riemannian manifold, which is based on Kato’s inequality. The third 
section contains some general results concerning Sobolev spaces of sections and symmetric Schrodinger operator 
with potential bounded from below. The fourth section concerns irreducible complex projective varieties. The 
main result of its first part is the following theorem: 

Theorem 0.1. Let V C CP" be an irreducible complex projective variety of complex dimension v. Let E be a 
vector bundle over reg(K) and let h be a metric on E, Hermitian if E is a complex vector bundle, Riemannian 
if E is a real vector bundle. Let g be the Kdhler metric on reg(K) induced by the Fubini-Study metric of CP". 
Finally let V : C°°(ieg(V), E) —> C'°°(reg(K), T* reg(V') ® E) be a metric connection. We have the following 
properties: 

• kF 1,2 (reg(K), E) = W 0 1 ’ 2 (reg(V r ), K). 

• Assume that v > 1. Then there exists a continuous inclusion IF 1,2 (reg(K), E) c —>• (reg(K), E). 

• Assume that v > 1. Then the inclusion W 1,2 (reg(V r ), E) L 2 (reg(V),E) is a compact operator. 

The proof of this theorem lies essentially on a combination of Kato’s inequality, Sobolev inequality and 
the existence of a suitable sequence of cut-off functions. Moreover from Theorem |0.1| we have the following 
application: for a large class of first order differential operators D : Cf°(ieg(V), E) — > Cf°(reg(V), F), see 
Theorem |3. 2 1 for the definition, which includes for instance the de Rham differential dk, the Dolbeault operator 
d p q and Dirac type operators, we have the following inclusion: 

D(D max ) n L°° (reg(V), E) C V(D min ). (1) 


In the second part of the fourth section we consider Schrondinger type operators P : C)? 0 (reg(K), E) —► 
Cf°(ieg(V),E), P := V* o V + L, which are positive and formally self-adjoint. We study some properties 
of e~ tp , the heat operator associated to the Friedrich extension of P. Our mean result is the following: 


Theorem 0.2. Let V, E, g, h, and V be as in Theorem 0.1 Let P := V* o V + L, 


P : C^° (reg(V), E) C^° (reg(K), E) 


be a Schrodinger type operator with L £ C°°(ieg(V), End(-E’)). Assume that: 
• P is symmetric and positive. 
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There is a constant c £ M such that , for each s £ C°°(ieg(V),E), we have h(Ls,s) > ch(s,s). 


Consider P T : L 2 (reg(V),E) —► L 2 (reg(V),E) and Aq : L 2 (ieg(V), g) 
Friedrich extension of P and the Friedrich extension of Aq : C£°(reg(V)) 
operator associated to P p 

e~ tp ^ : L 2 (reg(V),E) —► L 2 (reg(V),E) 
is a trace class operator and its trace satisfies the following inequality: 


L 2 (reg(V),g) respectively the 
C£°(reg(V)). Then the heat 


Tr(, 


-tP J 


) < me~ tc Tr(e _tA ° ) 


( 2 ) 


where m is the rank of the vector bundle E. 


This theorem is proved applying the results about the domination of semigroups recalled in the second 
section. In the remaining part of the forth section we discuss some corollaries of Theorem |0.2| In particular we 
get an asymptotic inequality for the eigenvalues of P T and an estimate for the trace Tr(e _fP ) when t £ (0,1). 
Moreover we point out that these results apply to (V* o V) p : L 2 (reg(V),E) — > L 2 (reg(V), E), the Friedrich 
extension of the Bochner Laplacian V* o V : C£°(reg(V), E) -» C%°(reg(V),E). Finally, another application 


of Theorem 0.2 is provided by the extension of Cor. 5.5 of m to our setting. More precisely we prove the 
following result: 

Theorem 0.3. There exists a positive constant 7 = 7 (d,n,m), that is 7 depends only on the dimension of 
the ambient space CP™, on the degree d and on the rank m, such that for every irreducible complex projective 
variety V C CP™ of degree d, for every vector bundle E on reg(V r ) of rank m endowed with an arbitrary metric 
h and for every Schrodinger type operator P : C£°(reg(V), E) —> C%°( reg(V), E) as in Theorem 0.2 with L > 0, 
the ( md)-th eingenvalue of P p , that is X m d, satisfies the following inequality: 


0 < 7 < A„ 


(3) 


The fifth section contains applications to stratified pseudomanifolds. We start recalling the basic definitions 
and properties and then we prove analogous results to those proved in the fourth section. More precisely we 
have the following theorem: 


Theorem 0.4. Let X be a compact, smoothly Thom-Mather stratified pseudomanifold of dimension m. Con¬ 
sider on reg(A') an iterated edge metric g. Let E be a vector bundle over reg(X) and let h be a metric 
on E, Riemannian if E is a real vector bundle, Hermitian if E is a complex vector bundle. Finally let 
V : C°°(reg(X), E) —>• C , °°(reg(V), T* reg(X) ® E) be a metric connection. We have the following proper¬ 
ties: 


• W 1 , 2 (reg(X), E) = W^ 2 (reg(X), E). 


• Assume that m > 2. Then there exists a continuous inclusion IT 1 , 2 (reg(A), E) ^ L m ~ 2 (reg(X), E). 

• Assume that m > 2. Then the inclusion W 1 ’ 2 (reg(A'), E) ^ L 2 (ieg(X),E) is a compact operator. 


Similarly to ([!]), using Theorem (0.4), we derive the following conclusion: for a large class of first order 
differential operators D : C£°(reg(I4), E) —>• C£°(reg(V), F), see Theorem 3.2 for the definition, which includes 
for instance the de Rham differential dk and Dirac type operators, we have the following inclusion: 


D(D max ) n L°°(reg(A), E) C V(D mia ). 


(4) 


Furthermore we prove the following theorem: 

Theorem 0.5. Let X, E, g, h, and V be as in Theorem \0.4\ Let 

P ■= V* o V + L, P : C' c °°(reg(X), E) C' c °°(reg(X), E) 

be a Schrodinger type operator with L £ C'°°(reg(A), End(I?)). Assume that: 

• P is symmetric and positive. 

• There is a constant c £ M such that, for each s £ C'°°(reg(A), E), we have 

h{Ls , s) > ch{s, s). 
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Let P T : L 2 (reg(X), E) —> L 2 (ieg(X),E) be the Friedrich extension of P and let A p : L 2 (reg{X),g) —» 
L 2 (reg(X), g) be the Friedrich extension of A 0 : C%°(reg(X)) —► C'^°(reg(X)). Then the heat operator associated 
to P T 

e~ tp " : L 2 (reg(X), E) —► L 2 (reg(X),E) 
is a trace class operator and its trace satisfies the following inequality: 

Tr(e _tpJr ) < re~ tc Tr(e" tA ?) (5) 

where r is the rank of the vector bundle E. 

Finally, in the last part of the fifth section, using Theorem |0.5| we derive some consequences for the operator 
P p , such as discreteness, an asymptotic inequality for its eigenvalues and an estimate for the trace Tr(e“ tp ) 
when t £ (0,1). Moreover, analogously to the previous section, we point out that these results apply to 
(V* o V) p : L 2 (i'eg(X), E) —> L 2 ( reg(A), E), that is the Friedrich extension of the Bochner Laplacian V* o V : 
C?(reg{X),E) C™(reg(X),E). 
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supported by the SFB 647 : Raum-Zeit-Materie. 


1 Background material 

The aim of this section is to recall briefly some basic notions about L p -spaces, Sobolev spaces and differential 
operators and then to prove some propositions that we will use often in the rest of the paper. We refer to [3], 
0 , EH, or the appendix in [44) for a thorough discussion about this background material. Let ( M , g) be an 
open and possibly incomplete Riemannian manifold of dimension m. Let E be a vector bundle over M of rank k 
and let libea metric on E, Hermitian if E is a complex vector bundle, Riemannian if E is a real vector bundle. 
Let dvol g be the one-density associated to g. We consider M endowed with the Riemannian measure as in [25] 
pag. 59 or t 8 j pag. 29. A section s of E is said measurable if, for any trivialization ([/,</>) of E, </>(s| u) is given 
by a fc-tuple of measurable functions. Given a measurable section s let |s|h be defined as |s|/, := (h(s, s)) 1 / 2 . 
Then for every p, 1 < p < oo we can define L P (M , E) as the space of measurable sections s such that 

\\s\\ L r(M,E) ■= ( [ M£dvol ff ) 1/p < OO. 

Jm 

For each p £ [l,oo) we have a Banach space, for each p £ (l,oo) we get a reflexive Banach space and in the 
case p = 2 we have a Hilbert space whose inner product is 

{s,t) L 2 ( Mt E) ■= / h{s,t)&vo\ g . 

Jm 

Moreover E), the space of smooth sections with compact support, is dense in L P (M , E) for p £ [1, oo). 

Finally L°°(M,E) is defined as the space of measurable sections whose essential supp is bounded, that is the 
space of measurable sections s such that |s|/j is bounded almost everywhere. Also in this case we get a Banach 
space. Clearly all the spaces we defined so far depend on M, E, h and g but in order to have a lighter notation 
we prefer to write L P (M,E) instead of L P (M, E,h, g). In the case E is the trivial bundle Mxlwe will write 
L p (M,g) while for the k-th exterior power of the cotangent bundle, that is A k T*M, we will write as usual 
L p Ll k (M, g). 

Let now F be another vector bundle over M endowed with a metric p. Let P : E) —► F) be a 

differential operator of order d £ N. Then the formal adjoint of P 

P* : C™{M,F) —► C™(M,E) 

is the differential operator uniquely characterized by the following property: for each u £ CjP (A/, E) and for 
each v £ CjP ( M , F) we have 

/ h(u, P t v) dvol 9 = / p(Pu, v ) dvol g . 

Jm Jm 
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We can look at P as an unbounded, densely defined and closable operator acting between L 2 (M,E) and 
L 2 (M, F). In general P admits several different closed extensions all included between the minimal and the max¬ 
imal one. We recall now their definitions. The domain of the maximal extension of P : L 2 (M, E ) —► L 2 (M, F) 
is defined as 


P(P max ) := {s £ L 2 (M,E) : there is v € L 2 (M,F) such that / h(s, P l (t>) dvol g = 

J M 

= / p(v, (j>) dvol 9 for each £ C™°(M, F)}. In this case we put P max s = v. 

J M 


In other words the maximal extension of P is the one defined in the distributional sense. 
The domain of the minimal extension of P : L 2 (M, E ) —>• L 2 [M, F ) is defined as 


( 6 ) 


P(Pmin) := {s £ L 2 (M,E) such that there is a sequence {s^} £ Cf°(M,E) with Sj —> s (7) 

in L 2 (M, E) and Ps, ; — > w in L 2 (M , F) to some w £ L 2 (M , F)}. We put P m j n s = w. 

Briefly the minimal extension of P is the closure of C%°(M, E ) under the graph norm ||s||l 2 ( M B ) + ||Ps||l 2 ( M ,f)- 
It is immediate to check that 

C = p Ln and that P* in = P^ ax (8) 

that is P r f nax j mir , : P 2 (M, F) —> L 2 (M,E) is the Hilbert space adjoint of P m in/max respectively. Moreover we 
have the following two i 2 -orthogonal decomposition for L 2 (M, E ) 

L 2 {M,E) = ker(P min/max ) ©irn(P^ ax/min ). (9) 

We have the following properties that we will use often later: 

Proposition 1.1. Let E and F be as above. Let P : C%°(M,E) C£°(M,F) be a differential operator 

such that P t oP : E) —► E) is elliptic. Let P : L 2 {M, E) —► P 2 (M, P) be a closed extension of P. 

In particular P might be P max or P m i n - Let P be the Hilbert space adjoint of P. Then C°°(M,E ) DP(P oP) 
is dense in D^P) with respect to the graph norm of P. In particular we have that C°°(M,E) D P(P max / m i n ) 
dense in P(P max / m in) with respect to the graph norm o/P max / min . 

Proof. We start pointing out that, if 2?(P) is the domain of P and V(P*) is the domain of P*, then V(P* o P) 
is given by {s £ 2?(P) : Ps € T>(P )}. Consider now P o P : L 2 {M , E) — ► L 2 (M, P). Then, according to [T2] 
pag. 98, we have that fj fceN P((P o P ) k ) is dense in V(P o P) with respect to the graph norm of P o P. By 
elliptic regularity we have that fj fcgN P((P* o P) k ) C C°°(M, E) and therefore C°°(M , E) fl V{P* o P) is dense 
in T>(P o P) with respect to the graph norm of P* o P. Thus, in order to complete the proof, we have to show 
that: 

• The inclusion V{P oP) ^ X>(P) is continuous where each space is endowed with the corresponding graph 
norm. 

• T>(P o P) is dense in T>(P) with respect to the graph norm of P. 

The first point it is a consequence of the following inequality: for each s £ T>(P o P) 

l!-f >s lli 2 (M,F) = ( S 1 P ( P( s )))l 2 (M,E) < + IIp {P( s ))\\l 2 (M,E)) 

and therefore 

II s IIl 2 (M,B) + \\P s \\l 2 (M,E) — 9 (ll s lli 2 (M,,E) + II P (P( s ))\\ 2 L 2 (M,E))- 

For the second point we can argue in this way: let v £ T>(P) and assume that for each s £ T>(P* o P) we 
have {v, s)l 2 (m,b)+ (Pw,Ps)l 2 (m,f) = 0. This is equivalent to say that (v,s + P (P(s)))l i(m,e) = 0. But 
Id+(P o P), where Id is the identity operator, has dense image because it is an injective and self-adjoint 
operator. We can therefore conclude that v = 0 and this completes the proof. □ 
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Proposition 1.2. Let (M, g), E and F be as above. Let P : C (M, 1?) —X CjP (M, F) 6e a first order differential 
operator. Let s £ F(P max ). Assume that there is an open subset U C M with compact closure such that 
s Im\c7 = °- Then s £V(P min ). 

Proof. The statement follows by Lemma 2.1 in [53]. □ 

Now, in the remaining part of this section, we recall the notion of Sobolev space associated to a metric 
connection. Consider again the bundle E endowed with the metric h. Let V : C°°(M, E) —> C°°(M, T*M®E) 
be a metric connection, that is a connection which satisfies the following property: for each s,v £ C°° (M, E) 
we have d(h(s , v)) = h(Vs, v ) + h(s, Vv). Clearly h and g induce in a natural way a metric on T*M ®> E that 
we label by h. Let V 4 : CfP(M,T*M <g> E) —*• C%°(M,E) be the formal adjoint of V with respect to h and g. 
Then the Sobolev space W 1,2 (M, E) is defined in the following way: 


W 1,2 (M, E) := {s £ F 2 (M, F) : there is v £ L 2 (M,T*M ® E) such that f /i(s, V 4 />) dvol g = (10) 

Jm 

= f h(v, <jj) dvol g for each /> £ (M, T*M ® E)} 

Jm 


Using ([g]) we have W 1,2 (M,E) = £>(V max ). Moreover we have also the Sobolev space Wq’ 2 (M,E) whose 
definition is the following: 

Wq’ 2 (M,E) := {s £ L 2 (M,E) such that there is a sequence {s*} £ CJ°(M,E) with s* —> s (11) 
in F 2 (M,F) and Vs*-twin L 2 {M,T*M®E) to some w £ L 2 (M, T*M ® E)}. 


Analogously to the previous case, using ([7]), we have 1U 0 1,2 (M, E) = 2?(V m i n ). As is this well known W 1 ’ 2 (M 1 E) 
and Wq’ 2 (M , E) are two Hilbert spaces. We adopt the same convention for the notation we used before. Instead 
of writing IU 1 , 2 (M, E, g, h) or W$ ’ 2 (M, E, g, h ) we will simply write W 1,2 (M 1 E ) and Wq’ 2 (M, E). For the trivial 
bundle Mxlwe will write W 1,2 (M, g) and Wq’ 2 (M, g). We recall the following result: 

Proposition 1.3. Let ( M,g ) be an open and possibly incomplete Riemannian manifold of dimension m. Let 
E be a vector bundle over M endowed with a metric h. Let U C M be an open subset with compact closure. 
Consider the spaces L 2 (U, E\u) and Wq’ 2 (U, E\u) where U is endowed with the metric g\jj. Then the natural 
inclusion 

W^MEM^LWElu) ( 12 ) 

is a compact operator . Therefore the map 

to : Wo’ 2 (U,E\u) -t L 2 (M,E) 


given by 


*o (/) 


is an injective and compact operator. 


f on U 
0 on M\U 


(13) 


Proof. See for example [32] pag. 349 or [44] pag. 179 for (12). Now (13) follows immediately by the following 
decomposition: Wq ,2 (U, E\u) L 2 {U, E\u) ^ L 2 (M,E). □ 


Consider now dk : fl'f(AI) —t fl(? + 1 (M), the de Rham differential acting on the space of smooth k- forms 
with compact support. Given a Riemannian metric g on M, we will label by ( , and by | \ gk respectively 
the metric and the pointwise norm induced by g on A k T*M for each k = 0, ...,m where m = dirn(M). In the 
case k = 1, with a little abuse of notation, we will simply write ( ,) g and | | s instead of ( ,) gi and | | fll . Finally 
we will label by gk the metric that g induces on T*M ® A k T*M. Following Q and (J7| we will denote by 
4,max/min : L 2 Q k (M, g) —X L 2 Ll k+1 (M, g) respectively the maximal and the minimal extension of dk acting on 
the space of L 2 fc-forms. 


Proposition 1.4. Let ( M,g ) be an open and possibly incomplete Riemannian manifold of dimension m. Let 
E be a vector bundle over M endowed with a metric h. Let s £ W 1,2 (M, E) D C°°(M, E) and let f £ ^((^min) 
with compact support. Then fs £ Wq' 2 (M, E) and we have V m j n (/s) = g ® s + /Vs where rj = do,min/- 
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Proof. Let U be an open subset of M such that U is compact and supp(/) C U. Let {/ 7 };/eN a sequences of 
smooth functions with compact support such that 4>j converges to / in I?(do,min) with respect to the graph 
norm. Consider now a smooth function with compact support 7 such that 7 | sup p(/) = 1 and 'yl m\u = 0- Let 
{ipj}j£N be the sequence of smooth functions with compact support defined as 77 = 7 <j>j. Then it is immediate 
to check that also ipj converges to / in ^(do.min) with respect to the graph norm. Finally consider the sequence 
{V’j s }jeN- We first note that r) 0 s + /Vs £ L 2 (M, T*M ® E) because 

II?? ® s + /Vs \\ L Z(M,T*M®E) < ll 7 7lU 2 n 1 (M, s )||s|i7||L“(!7,B) + ||/|U 2 (M, fl ) ||Vs|[/||L“>((7,T*t/®E)- 

Now in order to complete the proof we have to show that converges to fs in the graph norm of V m ; n 

We have 

\\lpj s — fs\\ 2 L2(M,E) ^ W s \u\\ 2 L°°(U,E\ u )\\' , l J j — /lll 2 (M,g) 
and therefore linx^oo ||ifjS — fs\\^ 2 ( M E ) = 0. In the same way 

IIV’jVs - /Vs|| i, 2 ( Mi T*M®B) ^ ll^ 7 s |y|lL~(C/,T*(7®B| c/ )IIV’j — /IIl 2 (M, s ) 
and therefore lim^oo ||^Vs - /Vs||| 2(M T , Mg|B) = 0. Again 

IMoV’j ® S — 7? 0 s||| 2 ( M: t*M®£;) — W s \u\\L°°(U,E\ u )\\d'0' l Pj ~ ??lli 2 Qi(M,g) 

and therefore lini J -_ >00 \\doipj 0 s — ??® sllf^j ^ = *-*• So we can conclude that ijjjS converges to fs in 
^(Vmin) with respect to the graph norm and that V m i n (/s) = rj 0 s + /Vs. □ 


We conclude this section with the following proposition. 

Proposition 1.5. Let (M,g) be an open and possibly incomplete Riemannian manifold. Let E be a vector 
bundle over M , h a metric on E and let V : C°°(M,E) —> C°°(M,T*M ® E) be a metric connection. Consider 
the Sobolev space W 1,2 (M,E). Then C°°(M,E) r\L°°(M,E) fl W 1,2 (M, E) is dense in W 1 ’ 2 (M, E). 


Proof. We give the proof in the case E is a complex vector bundle endowed with a Hermitian metric h. When 
E is real the proof is the same with the obvious modifications. According to Prop. |1 .1 1 it is enough to show that 
C°°(M,E)r\L 00 (M,E)r\W 1 ’ 2 (M,E) is dense in C°°(M, E) n W 1 ’ 2 (M, E). Let s £ C°°(M, E) n W 1,2 (M, E) 


and define 



(14) 


Clearly s n £ C°°(M,E). Moreover it is immediate to note that (77 + 1) 2 £ L°°(M,g). Therefore, by the 
fact that s £ L 2 (M, E), we can conclude that s n £ L 2 (M, E) fl E). Finally we have 


I I h — 


Sh 




< n 2 . 


In this way we get that s n £ C°°(M, E) n L°°(M, E) fl L 2 (M, E). Now consider Vs n . We have: 

Vs n = -i(^ + l)~i - Re(/i(Vs, s)) 0 s + (^ + 1 )"* Vs 
Ann n 

where Re(/i(Vs, s)) is the real part of /i(Vs, s). First of all we want to show that Vs„ £ L 2 (M 7 T*M ® E). 

I 12 l 

By the assumptions Vs £ L 2 (M,T*M ® E). As remarked above we have (77 + 1 ) _2 £ L°°(M,g). Therefore 

we can conclude that (77 + l) _ sVs £ L 2 (M,T*M ® E). For — 7(77 + 1 )“ 2 \ Re(h(Vs, s)) 0 s we argue as 
follows. First of all we note that 


It is clear that (77 + 1) f|s|h £ L°°(M,g) and |s|h, £ L 2 (M,g). Therefore (77 + 1) 2 |s|^ £ L 2 (M : g). 
Moreover (77 + 1) — S I s| ^ £ L°°(M,g). In fact we have 


- + I )” 1 2 Re(h(Vs, s)) 0 s| R < 1 (^ + l)-t |Vs|^|s| 2 . 

2 n n n n 

\*\l 


(15) 


(Mh+l)- 3 | a |2< 

n ( 1^1 + 1 


< n. 


(16) 
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This shows that (-^ + 1) ! |s| 2 £ L°°(M,g ) n L 2 (M,g). By the fact that |Vs|^ G L 2 (M,g) we can conclude 
that 

-l(^ + l)-i\Vs\- h \s\lGL 2 (M,g). 


According to (15) this implies that 


_ 1 ( Ni + 1 )-| Re (/i(Vs, s)) 0 s £ L 2 (M, T*M ® E) 
n n 


and in conclusion we proved that Vs„ G L 2 (M,T*M 0 E). Finally the last step is to show that s n converges 
to s in the graph norm of V. For ||s — s n || 2 2 / ME ) we l iave 


b n\\L 2 (M,E) 


= / (1-F^ + l) - *) 


_SJ '' 2 | s|? dvoL 


IM 


and using the Lebesgue dominate convergence theorem we get linin^oo ||s — Sn|| 2 2 ( M = 0. Now we show that 

lhnn-^oo || Vs — Vs„|| = ^ ave 

IIVs—Vs„|| i 2( M ,T*M0E) < II-( —+ 1 ) 2 Re(/l(Vs, s))0s|| i 2( M ,T*M®E) + ||Vs — (L^ + l) 2 Vs|| i 2( MjT » M ®_B)- 

Tl Tl Tl 

| 12 ^ 

For || Vs - (^f + l) -2 Vs|| L 2 (MjT . M0£;) we have 

12 

1 " ^ ~'\L 2 (M,T*M®E) 


Vs-(^ + l)-^Vs||| 2(M , T , M0£) = [ (l-(^ + l)-5) 2 |Vs||dvol 5 

J M 


and, again by the Lebesgue dominate convergence theorem, we can conclude that 


lim ||Vs — (—- + 1) 2 Vs||i 2 ( MT . M0B ) = 0. 

n—>oo n 


For the remaining term, using (15), we have 

II — 2 R e (M^ s > s )) ® s llP(M,T*M®£) 

- / i ( ^r + 1) ” 3|Vs H |s ^ dvol 9 

J M n n 


f |-(L^ + l) 2 Re(ft(Vs, s)) 0 s|~ dvolg < 

Jm n n 


L a ■ 


Using (16) we have 


and this in turn implies that 


\s\i^ + l)- 3 = (\s\l^ + l)-i) 2 <n 2 

n n 


1 |2i|4/l s \h i in-3 


n 2^<m L f+ i r 6 <\^\i 

So we are again in the position to apply the Lebesgue dominate convergence theorem and thus we can conclude 
that 

0< lim || - -(— + 1)“5 Re(/i(Vs,s)) 0 s||l 2 (m,t*m®.e) < [ lim + l)" 3 |Vs|?|s|£ dvol g = 0. 

n->oo n n J M n-t oo n- n 


In conclusion we proved that s n converges to s in the graph norm of V and this complete the proof. 


□ 


2 Kato’s inequality and domination of semigroups 

In this section we recall the Kato’s inequality and then, following the lines of [27] and [28], we discuss its relation 
with the theory of domination of semigroups. Unlike m and |28j we are interested to apply this tool in an 
incomplete setting and this requires a more careful analysis because in general the Laplacian Ao, with core 
domain given by the smooth functions with compact support, is not longer an essentially self-adjoint operator. 
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2.1 Kato’s inequality 

Consider again an open and possibly incomplete Riemaniann manifold (M,g). Let E be a vector bundle over 
M and let h be a metric on E, Hermitian whether E is complex , Riemannian whether E is real. Finally let h 
be the natural metric that h and g induce on T*M 0 E. 

Proposition 2.1. Let M, g, E, h and h be as described above. Let V : C°°(M,E ) —> C°°(M,T*M 0 E) 
be a metric connection and let s £ C°°(M,E). Let Z C M be the zero set of s. Then on M\Z we have the 
following pointwise inequality: 

|d(Mh)| fl < |Vs| s . (17) 

If s £ W 1,2 (M, E) rC°°(M,E ) then |s|h £ l?(c?o,max) and we have 


l|cfo,maxM/i|U 2 n 1 (M,g) < ||Vs|| L 2(M,T*M®E) (18) 

In particular, if (E,h) is a complex vector bundle endowed with a Hermitian metric, do,max(|s|/i) satisfies: 


do,max(|s|fr) — 


Re(fo(Vs,s))|s| h 1 on M\Z 


0 


on Z 


(19) 


while if (E,h) is a real vector bundle endowed with a Riemannian metric, do,max(|s|/i) satisfies: 

■WI»U) = { S (v> '' )|s| ‘ 1 Zz nz < 20 > 

Proof. As for the previous proof we treat only the complex case. The proof for the real case is completely 
analogous with the obvious modifications. The proof of 0 is based on the following observations: On M\Z 
we have |rf(|g|%)| ff = 2|s|h|d(|s|/ l )| 9 . On the other hand |d(|s||)| 9 = 2| Re(/i(Vs, s))| 9 < 2|Vs|^|s|/ l . Therefore 
(17) holds. For (18) and (19) we argue as in [Ti VI. 31. Consider (j> £ and let e n := V Then 

[ |sU(4^)dvol 9 = lira f (\s\ 2 h + e 2 n )^ (dlcf) dvol g = lim f (d 0 ((\s\l + e 2 n )?),(j)) g dvol g 

JM n—too Jm n_>0 ° J M 

= lim [ ((Mh + Re(ft(Vs, s)),(j>) g dvol ff = [ (g,4>) g dvol 9 
Jm Jm 

where g is defined as in (19). In particular for the pointwise norms we have \g\ g < |Vs|r. Therefore, if 
s £ E) nC°°(M,E), we can conclude that \s\h € 2?(do, max) and that (18) and (19) hold. □ 


Corollary 2.1. Under the assumptions of Prop. \2.1\ 

• If s £ W 1 ’ 2 {M,E) then |s|h € T>(d 0 , max ) and we have ||do,max|sU||.L 2 ni(M, g ) < || V max s|| L 2 ( MjT , M0£ ;), 

• If s £ Wq' 2 (M, E) then |s| h € X>(d 0 , m in) and we have ||do,min|sU||L 2 fii(M, g ) < || V mi „s|| L 2 ( MjT . M0B) . 


Proof. Let s £ W 1,2 (M,E). According to Prop. 1.5 there is a sequence {</> n }neN C W 1,2 (M,E) D C°°(M,E) 
such that linin^oo cf n = s in W 1,2 (M,E). We have lim^oo \<f> n \h = |sU in L 2 (AI,g) and, using (18) and the 
fact that \7(j) n —> V max s in L 2 (M,T*M 0 E), we get ||do,m a x|'^n|/i||L 2 n 1 (M,g) < t for some positive r £ R. This 
implies the existence of a subsequence {^ n } n eN C {</> n }neN such that {do,max(|</ ) nU)}neN converges weakly in 
L 2 n\M,g) to some p £ L 2 Cl 1 (M, g), see for instance [21] pag. 132. Now let lo £ fWe have 

(M/i, df 0 Uj) L 2fM,g) = I™ {\</>n\hi<tf)V)L 2 (M,g) = li m (do,max|^4|/u w)i 2 ni(M ,g) = (Pi w )i 2 Qi(M, 5 )* 

Therefore, according to (Jb], we proved that |s|/, £ V(do tmax ) and do,m a x|s|/i = P- 
Now to estimate ||do,m a x|sU||L 2 ni(M, g ), using ([18]), we have 

||do,max|s|/i llL 2 ni(M,g) = II P\\ L 2 f2 1 (M,g) = ^Im^ (do,max | Pn I ft i P) L 2 ^! 1 (M,g) — J-m^ IMo, max \<t> n |ft Hl^O 1 (M,g) ||/3|| Z^Q 1 (M,g) 
< J-im^ ||V^||x,2(M, T *M®B)||/9||i,2ni(Ar,ff) = ||V max s|| L 2 (MiT . M0B )||/?|| i 2 n i (Mig ). Hence the first point is proved. 

For the second point we argue in a similar manner. Let s £ Wq' 2 (M,E ) and let {^n}neN be & sequence of 

ifn = s in Wq’ 2 (M, E). As in the previous case we 


smooth sections with compact support such that lim„ 
have lim^oo \if n \h = |s|h in L 2 (M,g) and, using (18) and the fact that Vij). 


,s in L 2 (M, T*M 0 E), 


9 












we get || ^o,maxIVVi | h IIl 2 Q!< T ' for some positive t' £ R. This implies the existence of a subsequence 
WnlneN c {V’nlneN such that {d 0 ,max(|CU)}neN converges weakly in L 2 fi 1 (M, g) to some 7 £ L 2 Ll 1 (M, g). 
Moreover we observe that \il>n\h £ 27(<iomin) because \i/j„\h £ T>(domax) and it has compact support, see Prop. 


(\ s \h,dl x tv) L 2(M,g) = lim Wnlh, dl X U}) L 2(M,g) = 1™ (do,mm|V , nU> w ) L 2 Qi( M s ) = ( 7 , w) L 2 qi (m g ) . 

Therefore, for each w £ T>(4 max ), we have (|s|^, d^ max w) L 2 (Mjg) < || 7 ||l 2 0 i(m, 3 ) \\^\\l^{m, 9 ) and this shows 
that |s|h £ ^((4 max)*) that is |s|^ £ l?(do, m in)- Finally, by the previous point, we have 

IMo,min(|sU)||L 2 Ql( Mjg ) = || do,max( | s| h ) W^Q 1 (M,g) < || V max S || L 2 (M,T* A1®E) = || V min s||L 2 ( MT . M0B ) 

and the proposition is thus established. □ 

2.2 A brief reminder on quadratic forms and the Friedrich extension 

In this subsection we give a very brief account about some results on quadratic forms and the Friedrich extension 
of a positive and symmetric operator. We follow the Appendix C.l in [52 ] and we refer to it for the proofs. 
For a thorough treatment of the subject we refer to and [38]. Let H be a Hilbert space with inner product 
( , ). Let B : H ^ H be a linear, unbounded and densely defined operator. Assume that B is symmetric 
and positive, that is B is extended by its adjoint B* and ( Bu,u) > 0 for each u £ T>(B). The quadratic form 
associated to B , usually labeled by Qb , is by definition Qb(u,v) := (Bu,v ). Let ( ,)b be the inner product 
given by ( ,) + Qb and let P>(Qb) be the completion of T>(B) through ( >)b- It is immediate to check that 
the identity Id : V(B) —>• V{B) extends as a bounded and injective map iq b : T>(Qb) —t H. Therefore in what 
follows we will identify T>{Qb) with its image in H through iq b which is given by 

{u £ H : there exists C T>(B) such that (u n —u, u n —u) —> 0 and (u n —u m , u n —u m )b —> 0 as m, n —> oo}. 

Now we define the Friedrich extension of B, labeled by B^, as the operator whose domain is given by 

{u £ V(Qb) ■ there exists v £ H with Qb{u,w) = ( v,w) for any w £ V(Qb)} 

and we put B^u := v. Defined in this way B^ is a positive and self-adjoint operator. Moreover the above 
construction is equivalent to require that V^B^) = {u £ T>(B*) : there exists {u n } C F>{B) such that (u — 
u n , u — u n ) —> 0 and ( B(u n — u m ), u n — u m ) 0 for n, m —> oo} and B T (u) = B*(u ), that is in a concise way 

V{B :f ) := V(Qb) n V(B*) and B T u := B*u 

for u £ r D{B :F ). We conclude this reminder with the following result: 

Proposition 2.2. Let E,F be two vector bundles over an open and possibly incomplete Riemannian manifold 
(. M,g ). Let He and hp be two metrics on E and F respectively. Let D : CjF(M,E) —► Cf°(M,F) be an 
unbounded and densely defined differential operator. Let D l : Cf° (M, F) —> Cjf (M, E) be its formal adjoint. 
Then for D l o D : L 2 (M , E) —► L 2 (M, E) we have: 

1. (D* O PY = (P*) ma .x O Pmin- 

2. V(Q D t oD ) = V(D min ) and Q D toD{u,v ) = (D min u, D min v) L 2 (m,b) for each u,v £ V(Q D t oD ). 

Proof. Both statements follow immediately from the definitions and the constructions given above. Moreover 
the first point is also proved in m , pag. 447. □ 

2.3 Domination of semigroups 

We refer to [5] and to [251 f° r the background on the heat operator. 

Theorem 2.1. Let ( M,g ) be an open and possibly incomplete Riemannian manifold. Let E be a vector bundle 
on M and let h be a metric on E. Let V be a metric connection, let V* be its formal adjoint and let 

P : C™{M,E) —► C™{M,E), P = (V* o V) + L (21) 

be a Schrodinger type operator with L £ End(-E) such that 


1.2 


Now let to £ V(d\ 


o ,max/ 


We have 
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• P is symmetric and positive. 

• There is a constant c£l such that, for each s £ we have 

h{Ls , s) > ch{s , s). 


Let P p be the Friedrich extension of P and let Af be the Friedrich extension of the Laplacian acting on smooth 
functions with compact support Ao : C£°(AI) —> Then, for the respective heat operators e~ tp and 

e~ tA ° , we have the following domination of semigroups: 

\e~ tpF s\ h < e~ tc e- A o \ s \ h (22) 


for each s £ L 2 (M,E). 

This theorem is proved in [2B], Theorem 2.13. Here we provide a different proof, under some additional 
assumptions, in the spirit of m, Our additional assumptions are: 

• V(d 0 ,max ) = V(do ,min ) on (M, g). 


• vol g {M) < oo. 


Clearly the second assumption is satisfied in our cases of interest, that is M is the regular part of a complex 
projective variety V C CP" and g is the Kahler metric induced by the Fubini-Study metric on CP" or M is 
the regular part of a smoothly Thom-Mather stratified pseudomanifold endowed with an iterated edge metric. 
Moreover, as we will see in Prop. |4.2| and in Prop. |5.2| , also the first assumption is fulfilled in our cases of 
interest. We give the proof assuming that FI is a Hermitian vector bundle. In the real case the proof is analogous 
with the obvious modifications. We divide the proof through several propositions. In order to state the first 
result we recall from [39] pag. 201 the following notion: Let ( X , p) be a cr-finite measure space. A function 
/ £ L 2 (X, p) is called positive if it is non negative almost everywhere and is not the zero function. A bounded 
operator A : L 2 (X,p) —y L 2 (X,p) is called positivity preserving if Af is positive whenever / is positive. 

Proposition 2.3. Let{M,g) be an open and possibly incomplete Riemannian manifold. Let A p be the Friedrich 
extension of the Laplacian acting on smooth functions with compact support A 0 : Consider 

the heat operator e~ tA ° : L 2 (M,g) —> L 2 {M,g). Then e~ tA ° is positivity preserving for all t > 0. 


Proof. According to the Beurling-Deny criterion, see [39) pag. 209 or Theorem 3 in the appendix of 
statement is equivalent to prove that if / £ T>(Q A g) then |/| £ V{Q A r) and QaJ( l/l> I/I) ^ 

Prop. 2.2 this condition becomes: for each / £ 2?(do,min) we have |/| £ V(do : m i n ) and 


H, the 
/)• By 


(do.min |/| j do.minl/Dz^O 1 (M,g) A (do,min/> do i min/)L 2 f2 1 (M,g) ■ 


Finally this last inequality is a consequence of Prop. |2.1| and Cor. |2.1| □ 

Proposition 2.4. Under the assumption of Prop. \2.3\ For each A > 0 the operator 

(Ajf + A)" 1 :L 2 (M,g)^L 2 (M,g) 


is positivity preserving. 


Proof. It is a consequence of the following formula combined with Prop. 2.3 

(Af+ A)- 1 = f 
Jo 

See for instance [J], Prop. 2 in the appendix. 


e xt e tA ° dt, A > 0. 


□ 


Proposition 2.5. Let ( M,g ) be an open and possibly incomplete Riemannian manifold. Let P 
Cf°(M,E) be as in the statement of Theorem 2.1 Given s £ C°°(M,E) and e > 0 let us 

kke : =(Ml + e 2 )k 


: C£° (M, E) 
define |s|/i j£ as 


• Assume that volg(M) < oo. Let s £ V(P max ) (1 C°°(M, E) . Then |s|^ je £ 2A(Ao jm a X ) fl C°°(M). 

• Assume that vol g {M) < oo and that P(do.min) = IA(d 0 , max)- Let s £ V^P^) fl C°°(AI , E). Then 

\s\ h , e £V(A£)nC°°(M). 
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Proof. According to [25] pag. 30-31, we have 

R e(h(Ps, s)) = Re(/i((V t o V)s + Ls , s)) = Re(/i((V 4 o V)s, s)) + h(Ls, s) > |s|ft ie A 0 |s|h, e + c\s\ 1 2 3 . 
Therefore 

|Ao| S | M |<|P S U^ + |c|| S U^. 

I S\h,e M/i,e 

In this way we can conclude that |Ao|s|/, |e | € L 2 (M,g) because \Ps\h G L 2 (M,g), |s|/, G L 2 (M,g) and jpyjp- G 
L°°(M,g). By the fact that vol 9 (M) < oo we have that |s|h e G L 2 (M,g) and thus the proof of the first point 
is complete. For the second point we can argue in this way: let m > |c| + 1. Then, for each <f> G C%°(M, E), we 
have 


m ((0:0)i 2 ( M,E) + {P^i 4 >)l 2 (M,E)) > m((/>, <f>) L 2 (M,E) + (P^,^)l 2 (M,E) = 

= m { < t } i < t > )L 2 (M,E) + ((V* o v)0, (^)l 2 (M,E) + (L^, 4>)l 2 (M,E) > 

> 4>)l 2 ( M ,e) + ((V* °^)4>,4>)l 2 (m,e) + c(<j>i 4 >)l 2 (m,e) > ((V 4 o V)<t>,4>) l 2 (m,e) + {4>,4>)l 2 (m,e)- 


Therefore, if Qp is the quadratic form associated to P and <5v‘oV is the quadratic form associated to V 4 o V, 
we proved that 

( i )l 2 (m,e) + Qp > —({ , )l 2 (m,e) + Qv* ov)- (23) 


This implies immediately that the identity Id : C£° (M, E ) —» C£° (M, E) induces a linear, bounded and injective 
map i : V{Qp) —» P(Qv‘ov)- Now if we take s G V(P :F ) fl C°°(M , E) we know that s G V(Qp) fl P(P max ). By 
the fact that s G P(P ma x), as a consequence of the first point of this proposition, we get |s|h i£ G T>(A 0i max)- By 
the fact that s G V(Qp), using (23) and Prop. |2.2| we get 


s G T>(V m i n ) and Qv f ov(s, s) = (V m i n s, V mins) l 2 (m,t*m®e)- 


c) = P(d 0 

This in turn implies immediately that 

|2T2l 


Now, using Kato’s inequality in Prop. 2.1 and the fact that vol s (M) < 00 , we have |s|/, )6 G P(do,max)- Finally 
the assumption X>(d 0 , m ax) = P(do,min) implies that \s\ h>e G V(d Qtmin ). Therefore |s|/j, e G £>(do,min) nT>(A 0ima x). 


3 ). Therefore 

|sU,e e max ° do,min) that is |s] h>e G V(A£) according to Prop. 

□ 


Proposition 2.6. Under the assumptions of Theorem 
Then for all A > 0, all s G T>o, all f G C, 


2.1 


Let V 0 be defined as V 0 := V(P :F ) fl C°°(M,E). 
(M) such that f > 0, there exists u G L 2 (M,E ) such that 


1. | u\ h = (Ajf + A) 1 f. 

2. (s,u)l 2 (M,E) = i\s\h,\ u \h) L 2 (M,g)- 

3. Re(P jr s, u) L 2 ( Mi e) > (|sU,(Af + c)\u\ h ) L 2 {M ^ g) 

Proof. For the first two points we follow the construction given in m pag. 895. Let g = (A^ + A) 1 f. Let e 
be a measurable section of E such that h p {e(jp), e(p)) = 1 for each p G M. Define sign(s) as 


sign(s) 


RL s ^° 

e s(p) = 0 


(24) 


Now define u := ^sign(s). It follows immediately that (s, xi)l 2 ( M , E ) = (N/i, | u \h)i, 2 (M,g) and that \u\h = g. In 
particular the last equality follows by Prop. |2.4[ This proves the first two points of the proposition. About the 
third point, by the fact that s is smooth, we will write simply Ps instead of P^s. As explained in the proof 
of Prop. 2Aj we have R e(h(Ps, s)) > A 0 |s|/» >e + c\s\l, that is Re(/i(Ps, s/l s ke)) > A 0 |s|/,, e + c\s\ 2 h /\s\ h<t . 
This implies that 

R e(h(Ps, |u]/i-j—p—)) > (A 0 |s|/ l , e )|u|/ l + Cy^^\u\ h . 


« h 


s h,, 


We can integrate because Ps G L 2 (M,E), |s|h, \u\h G L 2 (M 1 g), s/|s|^ ;£ G L°°(M,E ) and A 0 |sk e G L 2 (M,g). 
In this way we get 




Re(/i(Ps, |«|fep“p—)) dvol ff > [ (A 0 |s|h ie )|u|/ l dvol fl + [ c-py^-]u|/,dvol, 

JM JM l s U,e 
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that is 


(25) 


Re(Ps, \u\ h — - )l 2 (M,E) > (^o|sU,e> \u\h) L 2 {M,g) + (c , , - , \u\h) L 2 (M,g) ■ 

Pie s \h,e 


For the right hand side of (25) we know that \u\h £ 2?(Ajf) because \u\h = (Ajf + A) -1 / and A > 0. Moreover, 
by Prop. 2.5 we also know that |s|h ie £ T>(Aq). Therefore, on the right hand side of (25), integration by part 
is allowed. This lead us to the expression 


that is 


Re(Ps, |u|hpj- )l 2 (M,E) > (|s|/i,e, Aq \u\ h ) L 2 (M,g) + (-—^,c\u\ h )L 2 (M,g) 

f Re(h(Ps, lulhy-p—)) dvolg > [ (|s|/, ie Af + Cyy^-|u|/,)dvol g . 

J M l s !i,e JM 


Keeping in mind (24) and applying the Lebesgue’s dominate convergence theorem, (261 becomes 

/ Re(h(Ps,u))dvol g > / \u\ h + c\u\ h ) dvol 5 

Jm Jm 


that is 


Re(Ps, w)£2(Af,E) > <|«|h,(A 0 + c)\u\h) L 2 {M,g)- 


(26) 


□ 


Finally we have the last proposition. 


Proposition 2.7. Under the assumptions of Prop. 2.6 For each /i > max{0, —c} and for each j3 £ L 2 (M, E) 
we have 

(Ajf + c + p)~ 1 \(3\h > \(P' F + p)~ 1 /3\h (27) 


This in turn implies that 
and therefore 


a -t(Af+c)| 


e tc e tA ° 


I h n 


> \e 


h ^ 


> e 


~ tP P\h 
~ tP "p\h 


(28) 


(29) 


Proof. Let T> 0 = 'D(P jr ) n C°°(M,E), s £ V 0 , f £ C£°(M), f > 0, p > — c and u £ L 2 (M,E ) such that 
\u\h = (Ajf + p + c)~ 1 f. Then, by Prop. 2.6 we know that 

Re(P“ F S, w)L 2 (M,g) > (\ s \h, {Aq + c)\u\h) L 2 {M,g)- 

By the second point of Prop. |2.6[ for each p > 0, we still have 

Re((p + P' f )s,u) L 2 ( M ^ e) > (|s|h, (A;f + c + fj,)\u\ h ) L 2 ( Mjg y 

The previous inequality, requiring p > nrax{0, —c}, produces 

(CM + P P )s\ h , \u\h) L 2 ( M , g ) > <|s| h) /)l 2 (m, 9 )- (30) 

Now, if we put /3 := {P T + p)s, (|30b becomes ((| /3\ h , \u\h) L ^( M , g ) > (((P^ + /r) _1 /3\ h , f) l 2 (m, 9 )- Finally, keeping 
in mind that \u\h = {Aq + p + c) -1 /, we get 


((Aq +P + c) \/3\ h , f) L 2 (M,g) > (K-P + M) P\h, /) L 2 (M ,g) 


(31) 


and therefore 

(A £+ p + c)~ 1 \l3\ h >\(P jr + pMp\ h (32) 

because /, according to Prop. |2.6| is any non negative function lying in As s £ 2?o, which by Prop. 0 

is dense in V{P :F ) with the graph norm of P^, we have that /? runs over a dense subset in L 2 (M, E) and thus 
(27) follows by the continuity of the resolvent and the map | \h ■ L 2 (M,E) —► L 2 (AI,g). The second statement, 
that is ([28|, follows by a general result of functional analysis, see for example [27] pag. 897 or Corollary 15 in 


the appendix of [7], Finally (29) follows by (28) applying the Trotter’s product formula. See for example, [2S] 
pag. 31 or [37] pag. 295-297. □ 
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3 Some general results 

This section is made of two subsections. The first collects some results concerning Sobolev spaces of sections. 
The second one concerns Schroedinger operators with potential bounded from below. 

3.1 Some results for Sobolev spaces and first order differential operators 

We start with the following proposition. 

Proposition 3.1. Let (AL,g) be an open and possibly incomplete Riemannian manifold. Assume that there 
exists a sequence of Lipschitz functions with compact support {4>j}jen such that 


0 < <fj < 1 for each j. 
4>j —> 1 pointwise. 


lim 


j—> OO Hdc^min^j || L 2 Q 1 (M,g) 


= 0. 


Let E be a vector bundle over M and let h be a metric on E, Riemannian if E is a real vector bundle, Hermitian 
if E is a complex vector bundle. Finally let V : C°°(M,E ) —> C°°(M,T*M ® E) be a metric connection. Then 
we have 

Wq’ 2 (M,E) = W 1,2 (M, E). 

Proof. We start pointing out that by Theorem 11.3 in , the fact that (f>j has compact support for every 
j G N and Prop. 1.2 we get that C T>(do, m in) so that the third point in the statement is well defined. 

According to Prop. llh in order to prove the first point, it is enough to show that 

C°°(M, E) n L°°(M, E) n W 1 ’ 2 (M, E) c W 0 1,2 (M, E). 

Let rij := d 0 , m ia fa. Let s G C°°(M,E) n L°°(M,E) n W 1 ' 2 {M,E). Then, by Prop. 

Wq’ 2 (M, E). Moreover 


1.4 


we have <t>j s G 


lim ||s - fas\\ 2 LHME) = lim / (1 - fa) 2 \s\ 2 h dvol g = / lim (1 - fa) 2 \s\ 2 h dvol s = 0 


(33) 


by the Lebesgue dominate convergence theorem. 


If now we consider V m i n (fas) then, by Prop. 1.4 we have \7 mm {fas) = r]j <%> s + fa'Vs and therefore 

II Vs — Vmin(<t>jS)\\L 2 (M,T*M®E) < || Vs — S \\ L 2^ M T , M ^ E ) + || rjj ® S\\L 2 (M,T* M®E)- 

For the first term we have 

lim || Vs - Vs 11 2 2 (M T » m® e) = lim / fa - faf\^s\\ dvol g = 0 

again by the Lebesgue dominate convergence theorem. For | rij <g) s|| 2 2 ( M we ^ ave: 


hi ® ■ 


I L 2 (M,T-M®E) — 


l 2 n 1 (M, s )ll s lll~(M,£;) 


and therefore 


II Vj ® s lli 2 (A f,T*M®E) — 0 


because lim , 




1 2 n 1 (M g) = So we established that 


jim l|V« ^ 7 (^1 s )IIl 2 (a./,t*m®e) — 0- 


By (331 and (34) we showed that s G W {) ’ ( M,E ) and this completes the proof. 


(34) 

□ 


As a consequence of Prop. (3.1) we have the following result. 
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Proposition 3.2. Let ( M,g ) and {4>j}jeN be as in Prop. \3.1\ Let E and F be two vector bundles over M 
endowed respectively with metrics h and p, Riemannian if E and F are real vector bundles, Hermitian if E 
and F are complex vector bundles. Finally let V : C°°(M,E ) —► C°°(M,T*M ® E) be a metric connection. 
Consider a first order differential operator of this type: 

D := e 0 O V : (M, E) —► C™ (M, F ) (35) 

where 9q £ C°°(M , Hom(T*M <%> E , F)). Assume that 6q extends as a bounded operator 9 : L 2 (M , T*M < g > E) —>■ 
L 2 (M,F). Then we have the following inclusion: 


Z>(Anax) n L°°(M,E) c V(D min ). 


(36) 


In particular (36) holds when D is the de Rham differential dk '■ Cl k (M) —> Sl k+1 (M), a Dirac operator D : 
C%°(M,E) —► Cf°(M,E) or the Dolbeault operator d PA : Sl p c ' q (M) —► UP’ 9+1 (M) m i/ie case M *s a complex 
manifold. 


Proof. The first statement, that is (|36j), follows arguing as in the proof of Prop. 3.1 and then using the continuity 
of 9 : L 2 (M,T*M ® E) —> L 2 (M,F). The fact that (36) holds for the de Rham differential dk : f2*(M) —► 
VL k c +1 {M), for a Dirac operator D : E) -> E) or for the Dolbeault operator d PA : IVfffM) -> 

QP’ q+1 (M) is a straightforward verification. □ 


We have now the following proposition. 

Proposition 3.3. Let ( M,g ) be an open and possibly incomplete Riemannian manifold. Assume that for some 
v £ ffi. with v > 2 we have a continuous inclusion Wq' 2 (M, g) ^ Lt*^(M,g). Let E be a vector bundle over M 
and let h be a metric on E, Riemannian if E is a real vector bundle, Hermitian if E is a complex vector bundle. 
Finally let'SI : C°°(M,E ) —> C°°(M,T*M ® E) be a metric connection. Then we have the following properties: 

• We have a continuous inclusion Wq’ 2 (M, E) ^ L^ 1 {M,E). 

• If furthermore M has finite volume then the inclusion Wq' 2 (M, E) L 2 (AI,E) is a compact operator. 
Proof. Using Cor. |2.1[ we get the continuous inclusion 

Wq' 2 (M, E)^L^ 5 (M, E ). 

Now we prove the second statement. Let {s.;}i e N be a bounded sequence in Wq' 2 (M, E). By Prop, 
assume that each Si is smooth. Let B £ R be a positive number such that 

||Si||L 2 (M,£) + \\VSi\\ L 2( M ,T*M®E) < B (37) 

Let be an exhausting sequence of compact subset of M, that is K t C int(/\i + i), int(E,) is the interior 

of Ki and (J )eN K, = M . Let {x*}ieN C Cff(M) be a sequence of smooth functions with compact support 
such that 


1.1 we can 


0 < Xi < 1, 


• Xiki = !. 

• Xi\M\K i+1 = 0 

Then, according to Prop. 1.4 {xiSijieN is a bounded sequence in Wq(U, E) where U is any open subset of 
M with compact closure such that supp(xi) C U. Therefore, applying Prop. |1.3| we get the existence of a 
subsequence of {si}i £ N, that we label {sj,i}ieN, such that {xi s i,i}ieN converges in L 2 (M, E) to some element Si. 
Now consider the sequence {X 2 Si,i}ieN- Arguing as in the previous case we get the existence of a subsequence 
of {s*,i}ieN, that we label by {s ii2 }ieN> such that {x^Si^jieN converges in L 2 (M,E) to some s 2 £ L 2 (M,E). 
Iterating this construction we get a countable family of sequences 


{{XlSi.ljieN, {X2Si,2}ieN, •••) {Xn ••• } (38) 

such that, for each n £ N, {si jn +i}i S N is a subsequence of {sj in }i e N and such that {x'nSi,n}ieN converges in 
L 2 (M,E) to some element s n £ L 2 (M,E). Now we want to prove that the sequence {s„}„ e N is a Cauchy 
sequence in L 2 (M,E). In order to prove this claim let k and m be two natural numbers with m > k > 0. 
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Then, by the construction performed above, we know that {xmSi,m}ieN converges to s m in L 2 (M,E) and that 
{Xfc s i,fc}ie n converges to §k in L 2 (M, E). By the fact that {sj im }j g i!j is a subsequence of {sj,fc}i g N we also know 
that {x'fcSj, m }ieN converges to §k in L 2 (M,E). Therefore we can find a number j £ N such that for each i > j 
we have 

max{||s m ^ XmSi,m\\L 2 (M,E), ||Sfc - Xfc s i,m || L 2 (M,E) } < ~ (39) 


This implies that 


||S m — Sk\\L 2 (M,E) < 

— ||^m XmSi,m\\L 2 (M,E) T Xk^i,m\\L 2 (M,E) T ||Xfc^i,m ^k\\L 2 (M,E) — 

2 

f ||Xm®i,m Xfe®*,m|| L 2 (M ,E) ■ 


(40) 


In this way, in order to conclude that {s n } ng N is a Cauchy sequence in L 2 (M , E), we have to estimate || XmSi,m~ 
XkSi t m\\L 2 (M,E)- Let Tfc be defined as 71- := M \ K The fact that vol s (M) < oo implies immediately that 
limfc-^oo vol 9 (Tfe) = 0. Then, for ||XmS»,m - XkSi, m \\ 2 L 2 ^ MtE y we have 

\\Xm s i,m — Xk s i,m\\L 2 (M,E) = / (Xm ~ Xk) dvolg . 

J M 

Now, in virtue of the first point of the theorem, we know that \si tm \f l £ L : ^ 2 (M 1 g). Clearly (xm — Xk) 2 £ 
L z (M,g) for each z £ [l,oo]. Moreover (x m — Xk) 2 = 0 on M\Tk and (xm — Xk) 2 < 1 on 7*,. Therefore we 
can apply the Holder inequality, see [3] pag. 88 , and we get 


/ (Xm - Xk) 2 \s it m\l dvolg < || (Xm - Xk) 
Jm 


JM 

< 111 


2,l Lf (A/,g))lll Sj . m lft lli^(M,g) ~ 


(41) 


liS(T fc , 5 | T J)lll s ^| 2 |lL^ ( M, s) < BC(vol g (T k ))» and Hm (vol 9 (T fc ))« = 0 


where B is the same constant of ( |37| ) and C is the same constant of the continuous inclusion Wq’ 2 (M, E) m- 
L^(M,E). In this way, for ||XmS*,m - XkSi, m \\L 2 (M,E), we get the following inequality 

|| XmSi 7 m Xk s i,m \\l 2 {m,e) < (BC) 2 (volp(Tfc))’' (42) 


which in turn, by (40), implies that 

2 i i 

||s m — Sk\\L 2 (M,E) < — + (BC) 2 (volg(Tfc)) « . 
Therefore for each S > 0 we can find m £ N such that for each m > k > rn we have 


|s m — §k\\L 2 (M,E) < — + (BC) 2 (vol ff (Tfc))” < 5. 


(43) 


In this way we proved that {s n } ng N is a Cauchy sequence in L 2 (M,E) and this implies that there exists an 
accumulation point s £ L 2 (M , E) for {s n } ng N- Finally, in order to conclude the proof, we have to show that s is 
an accumulation point in L 2 (M 1 E) for the original sequence {si}; g N- Let 7 > 0. Then we can find an element 
s m £ {s n }„ g N such that ||s — s m ||L 2 (M,£) < 7 - Consider now the countable family of sequences defined in (38) 




(44) 


We recall that, for each n £ N, {Xn s i,n} converges in L 2 (M,E) to s n , that {si jn+ i}i g N is a subsequence of 
{si,n}ieN and that {si,i}i g N is a subsequence of {si},; g N. Then we can find a positive integer number io £ N 
such that ||s m - XmSi,m\\ L 2 (M,E) < 7 for each i > i 0 . Now if we consider ||XmSi, m - Si,m||.L 2 (M,.E) then, arguing 
as in ([41])—<(42]), we get ||XmS*,m “ Si,m\\L 2 (M,E) < (BC)i (yo\ g (T m ))i and (BC)i (vol g (T m ))v < 7 when m is 
sufficiently big. Ultimately for m and i sufficiently big we have 

II-S — Si^m\\L 2 (M,E) < 

< IIs - S m \\ l 2 ( M , E ) + ||sm ~ Xrrx s i,m|| L 2 (M,E) + ||XmSi,m — Si.m || L 2 (M..E) < 

< 27 + (BC )5 (volg(T m ))* <37. 

This shows that s is an accumulation point in L 2 (M, E) for the original sequence {si}*eN because Si^ m £ {si}i g N 
and therefore the proof is completed. □ 
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Remark 3.1. We can reformulate the statement of Prop. 3.1 saying that 2?(Vmax) = 2?(V m in)- Analogously 
we can reformulate the statement of Prop. |ff.3| saying that there exists a continuous inclusion 2?(V m i n ) M- 
Lv=i(M,E) and that the natural inclusion 2?(V m in) L 2 (M,E) is a compact operator where 2?(V m in) is 
endowed with the corresponding graph norm. 


We conclude this section with the following corollary: 

Corollary 3.1. Consider an open and possibly incomplete Riemannian manifold (M,g). Let E be a vector 
bundle over M endowed with a metric h, Riemannian if E is a real vector bundle, Hermitian if E is a complex 
vector bundle. Finally let V : E) —> C°° (M,T*M © E) be a metric connection. Assume that the natural 

inclusion Wq' 2 {M,E) L 2 {M,E ) is a compact operator. Then the image of V m i n , im(V m in), is a closed 

subset of L 2 (M, T*M ® E). 

Proof. Consider the operator V^ ax o V m i n : L 2 (M, E) L 2 (M, E) wh ose domain is given by 2?(Vm a x° V m in) := 
{s € 2 ? (V m i n ) : v mi „s G 21 (V m ax )}. Arguing as in the proof of Prop. we get the following inequality 

||V m i n s|||2( A f,T*M®E) — ^(ll s lli 2 (M,S) + ll^max(^minS) ||i,2(Af,E) ) 


for each s G 2?(Vm ax ° V m i n ). Therefore we can conclude that the natural inclusion 


° V m i n ) t— t 2?(V m in) 


(45) 


is a continuous operator where each domain is endowed with the corresponding graph norm. In this way, using 
the assumption on Wq’ 2 (M, g) c —>■ L 2 (M,g), we get that the natural inclusion 

Z>(VLx°Vmi n)^L 2 (M,E) (46) 

is a compact operator where 2?(Vm ax oV m in) is endowed with its graph norm. As it is well know this is equivalent 
to say that V^o V m i n is a discrete operator and this in turn implies in particular that it is a Fredholm operator 
on its domain endowed with the graph norm. Therefore we can conclude that im(V( nax o V m m) is closed in 
L 2 (M,E). Now consider the two following orthogonal decompositions of L 2 (M,E): 

L 2 {M , E) = ker(Vmin) © im ( V max) and L 2 {M , E) = ker(V( nax o V min ) © im(V( nax o V min ). 

Clearly ker(Vm ax ° V m in) = ker(V m i n ). Therefore we have the following chain of inclusions: 

im (Vm ax o V mi „) C im(V^ ax ) C im(Vm ax ) = im(V^ ax o V m i„) = im(V^ ax o V m i n ) 

which in particular implies that im(V( nax ) = im(Vm ax ) and therefore, taking the adjoint, im(V ni in) = im(V m in)- 

□ 


3.2 Some results for Schrodinger type operators 


Proposition 3.4. Let (M, g) be an open and possibly incomplete Riemannian manifold of finite volume and 
dimension m > 2. Assume that we have a continuous inclusion Wq ' 2 (M, g) —> L m ~® (M, g). Let : 
L 2 (M,g) c —^ L 2 (M,g) be the Friedrich extension of the Laplacian Ao : C£°(M) —» Then the heat 

operator e~ tA ° : L 2 (M,g) —> L 2 (M,g) is a trace class operator and we have the following inequalities for its 
trace: 


Ti(e~ tA °) < Cvo\ g (M)t tt 1 


(47) 


fort G (0,1). 


Proof. As showed in [T] pag. 1062 or in [15] Theorem 2.1 the continuous inclusion Wq ’ 2 (M, g) L m ~ 2 (M, g) 

is equivalent to the following property: 

k Ao (t,x,y) < Ct~^ (48) 

for each (x,y) G M x M, t G (0,1) and where k Ao (t,x,y) is the smooth kernel of the heat operator e~ tA ° and 
C is a positive constant. This implies immediately that tr(e _tA ° ) < Ct 2 " for t G (0,1). Moreover using (48) 
we get that 


(fcA 0 (t> x i y)) 2 dvol g (:r) dvol 3 (i>) < oo 


IMxM 
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for each t £ (0,1) and this in turn implies that e~ tA * : L 2 (M,g) —► L 2 (M,g) is a Hilbert-Schimdt operator for 
each t £ (0,1), see for instance [37] pag. 210. Writing t = | + | we get e~ tA = e~^ A o e~i A and this tells 
us that e _4A ^ : L 2 (M,g) —» L 2 (M,g) is a trace class operator for each t £ (0,1). Ultimately, fixing any t > 0 
and writing t = n- with n > t, we have e~ tA ^ = e~ « A ^ o ... o e _ ™ A ^ (n-times) and this allows us to conclude 
that e~ t/AF : L 2 (M,g) —> L?{M,g) is a trace class operator. Finally we have Tr(e _4A ^) = f M k/\ 0 {t, x, x) dvol s 
and therefore for each t £ (0,1) we find 


Tr(, 


-tA J 


)= / k Ao (i, x, x) dvolg < Ct 2 dvolg = Cvo\g(M)t 2 


IM 


IM 


□ 


As in the previous proposition consider again a possibly incomplete Riemannian manifold (M, g) of finite 
volume and dimension m. Let £ be a vector bundle over M endowed with a metric h, Riemannian if E is a 
real vector bundle, Hermitian if E is a complex vector bundle. Finally let V : <g> E) 

be a metric connection. Our goal is to study some properties of Schrodinger type operators, that is operators 
of type 

V‘ o V + L (49) 


where V 4 : C%°(M,T*M <8> E) —> C%°(M,E) is the formal adjoint of V and L £ End(U)). In particular 

we are interested in (49) acting on L 2 (M,E) with C^°(M,E) as core domain. One of the reasons, as it is 
well known, is provided by the fact that the square of the typical first order differential operators arising in 


differential geometry, for instance the Gauss-Bonnet operator d, + <5, the Hodge-Dolbeault operator 9 + 9* and 
the Spin-Dirac operator 3, are Schrodinger type operators. 


Proposition 3.5. Let (M,g) be an open and possibly incomplete Riemannian manifold of finite volume and 
dimension m > 2. Assume that we have a continuous inclusion Wq' 2 (M, g) —> LW-$(M,g). Let V, E, g, h, 
and V be as described above. Let 


P:=V 4 oV + L, P:C™(M,E)^C™(M,E) 
be a Schrodinger type operator with L £ C°°(M,End(E)). Assume that: 

• P is symmetric and positive. 

• There is a constant c £ R. such that, for each s £ C°°{M,E), we have 

h{Ls , s) > ch{s , s). 


Let P : L 2 (M,E) —> L 2 (AI,E) be the Friedrich extension of P and let Aq 7 : L 2 (M,g) —> L 2 (M,g ) be the 
Friedrich extension of Aq : C%°(M) —> C%°(M). Then the heat operator associated to P^ 


e~ tp ^ : L 2 {M,E) —» L 2 (M,E ) 
is a trace class operator and its trace satisfies the following inequality: 

Tr(e" 4P ^) < re~ tc Tr(e" tA ^). (50) 

where r is the rank of the vector bundle E. 

Proof. According to Theorem |2.1| we know that 

\e~ tpT s\ h < e~ tc e~ A °\s\ h (51) 


for each s £ L 2 (M,E). Let kp(t,x,y) be the smooth kernel of the heat operator e tp and analogously let 
k Ao (t, x, y) be the smooth kernel of the heat operator e~ tA ° . Therefore, for each pair (x,y) £ M x M, 
kp(t,x,y) £ Horn (E y ,E x ) and analogously k& 0 (t,x,y) £ Hom(R,R) that is k& 0 (t,x,y) £ C°°(M x M). Let us 
label by || ||h,op the pointwise operator norm for the linear operators acting between [E y , h y ) and (E x , h x ). As 
explained in [12H3 P a g- 32, the inequality (51) implies that for the pointwise operator norm \\kp(t,x,y)\\h,op the 
following inequality holds: 

\\kp(t,x,y)\\ ht0p < e~ tc k Ao (t,x,y). 
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In particular for x = y we have 

\\k P (t,x,x)\\ hi0p < e~ tc k Ao (t,x,x). 

This implies immediately the following inequality for the pointwise traces 

tr (kp(t,x,x)) < re~ tc k Ao (t,x,x). 

i - ~“n . . t 

By Prop. 


(52) 


(53) 


3.4 


we know that e tA ° : L 2 (M,g) —» L 2 {M,g) is a trace class operator. Therefore, using (Id 


and (53), we get that also e tp : L 2 (M,E) —>• L 2 {M,E) is a trace class operator and its trace satisfies the 
inequality 


Tr(e 


-tP J 


)< 


—£c 


Tr(, 




(54) 

□ 


Corollary 3.2. Under the assumptions of Prop. 3.5. For each t £ (0,1) we have the following inequalities for 
the pointwise trace and for the heat trace of e~ tp 


respectively: 
ti(kp(t,x,x)) < Cre~ tc t^ r 


Tr(e 


') < Cre~ tc vo\ g (M)t^ 


where C is the same constant of (47). The operator P p : L 2 {M,E) —► L 2 (M,E) is a discrete operator. If we 
label its eigenvalues with 

0 < A 0 < Ai < ... < A n < ■■■ 

then there exists a positive constant I\ such that we have the following asymptotic inequality 

A j > Kj ™ + c 

as j —>• oo. 

Proof. Th e inequality for the pointwise trace as well as that for the heat trace of e~ tp * follow by Prop. 

Prop. 


(55) 


3.5 


3.4 


and 


By the fact that e~ tp is a trace class operator we get immediately that P^ is a discrete operator. 
Finally, by (50) and the first point of this corollary, we know that Y^j e ~ tXj — Cre~ tc vol s (M )t~^~. This is 
equivalent to say that 

< Cryol g (M)t^ 1 

jeK 

where g,j := A j —c. Now the thesis follows applying a classical argument from Tauberian theory, see for instance 
[43] pag. 107. □ 


Proposition 3.6. Under the assumptions of Theorem 3.5. Let kp(t,x,y) and \\kp(t,x,y)\\h, 0 p be as in the 

(56) 

that for each 0 < t < 1 


proof of Theorem \3.5\ Then the following inequality holds for 0<f<l: 

\\k P (t,x,y)\\ h , op < Ce~ tc t. 


where C is the same positive constant of (471. This implies that 

1. e~ tp:F is a ultracontractive operator for each 0 < t < 1. This means, see 
there exists Ct > 0 such that 




s\\l°°(M,E) < C t \\s\\ L i(M,E) 


for each s £ L^f^MjE). In particular, for each 0 < t < 1, e tp : L^^A'UE) —> L°°(M,E ) is continuous. 
2. If s is an eigensection of P p : L 2 (M,E ) —> L 2 (M,E) then s £ L°°(M, E). 


3.4 


Proof. As pointed out in the proof of Prop. 3.5 we have || kp(t, x, y)||/ lj0 p < e ct k Ao (t, x, y). By the assumpti ons 
we know that there is a continuous inclusion Wq’ 2 (M, g) L m ~ 2 (. M , g). As recalled in the proof of Prop, 

this is equivalent to say that, for some positive constant C , 

k Ao (t, x,y) < CO-, 0 < t < 1. 

Combining together the previous inequalities we have, for 0 < t < 1, 

\\kp{t,x,y)\\h, op < Ce~ tc t^ 


and this establishes (56). Finally the remaining two properties follow immediately using (56). 


□ 
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4 Applications to irreducible complex projective varieties 

4.1 Sobolev spaces on irreducible complex projective varieties 

This section concerns irreducible complex projective varieties V C CP" . This means that V is the zero set of a 
family of homogeneous polynomials such that it is not possible to decompose V as V = V\ U Vi with V\ C V, 
V 2 (1 V, V ^ Vi, V 7 - V ‘2 and such that V\ and V 2 are the zero set of other two families of homogeneous 
polynomials. Using the language of Zariski topology this means that V is a Zariski closed subset of CP" and 
it is not possible to decompose V as V = Vi U V 2 with V\ C V, V 2 C V, V 7 ^ Vi, V 7 ^ V 2 where V\ and V 2 
are other two Zariski closed subsets of CP". Our reference for this topic is [21] ■ Given an irreducible complex 
projective variety V C CP" we will label by sing(V) the singular locus of V and by reg(Vj := V \ sing(V) 
the regular part of V. The regular part of V, reg(Vj, becomes a Kahler manifold when we endow it with the 
Kahler metric induced by the Fubini-Study metric of CP" . In particular we get an open and incomplete Kahler 
manifold when sing(V) 7 ^ 0 . 

Now we state a proposition which provides the existence of a suitable sequence of cut-off functions. A similar 
result is contained in m pag. 871 and in [5S], Theorem 3.1 and Theorem 3.2. First we recall the following 
property. 

Proposition 4.1. Let M be a complex manifold and let h and g be two Hermitian metrics on M such that g > h. 
Then for each rj £ Vl l c (M) we have ||?/||L 2 n 1 (M,/i) < \\v\\L 2 n 1 (M,g)- Therefore the identity map Id : Ll\(M) — ► 
extends as a continuous inclusion L 2 fl 1 (M,g) ^ L 2 Q 1 (M 1 h) so that for each <f> £ L 2 Q 1 (M, g) we have 

\\<f\\L 2 Q. 1 {M,h) < ll^llz^nqM.g)- 

Proof. The proof lies on a careful calculation of linear algebra. It is carried out, for instance, in (22] pag. 
146. ' ’ □ 


Proposition 4.2. Let V C CP" be an irreducible complex projective variety of complex dimension v and let 
g be the Kahler metric on reg(V) induced by the Fubini-Study metric of C P". Then there exists a sequence of 
Lipschitz functions {(fj}je^ with compact support in reg(V) such that 

• 0 < <pj < 1 for each j. 

• cf>j —> 1 pointwise. 

• (f>j £ T>(d 0 ,min) for each j £ N and lim^oo ||do,min^j|z, 2 ni(reg(v), g ) = 0. 

In particular 1 £ X^do.min)- 

Proof. Let 7 r : V —► V be a resolution of singularities (which exists thanks to the fundamental work of Hironaka, 
see [29]). We recall that 7r : V — > V is a holomorphic and surjective map such that 

A v\e -V\E —> V \ sing(U) 


is a biholomorphism where E = 7r -1 (sing(V)) is the exceptional set. Moreover we can assume that E is a 
divisor with only normal crossings, that is, the irreducible components of E are regular and meet complex 
transversely. In particular, and this is what we need for our purpose, V \ 7r _1 (reg(U)) is a finite union of 
compact complex submanifolds, that is V \ 7r _1 (reg(U)) = for some m £ N. Therefore for the real 

codimension of Si we have codR(S)) > 2 for each i = 1,..., m. Consider now a Hermitian metric h on V. Let us 
define V' := 7r _1 (reg(U)) and let h! be defined us hi := h\y ■ As a first step we want to show that on (V',h') 
there is a sequence of Lipschitz functions with compact support {V’jjgeN which satisfies the three properties 
stated in this proposition. To this aim we adapt to our case the strategy used in [18] and in [31]. Define 

Mi := V \ Si. Let n be the distance function to Si induced by h. Let e„ := and let e' n := e *% = e - " 4 . 
Then we define Vb,M; as 

f 1 n > e n 


Aj,Mi 


0 


Si Vi S 

e' n <ri< 2e' n 
0 <r t < e'„ 


(57) 


By (57) we get easily that each 1 pj,Mi is a Lipschitz function with compact support. Therefore, combining 
together Theorem 11.3 in 25 ]j Prop. 1.2 and the fact that Mi has finite volume, we get that N C 
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2?(do,min) on (M,, Clearly we have 0 < 1 / 7 ,M; < 1 and lim^oo ipj,Mi = 1 pointwise. Moreover, according 

to jTS], we have 

lim ||do,minV’j,M i ||L 2 ni(M i ,/i|M.) = (58) 

j->oo ' 

Here, we only recall that the previous limit is based on an estimate of the volume of a tubular neighborhood 
of Si and that for this estimate the lower bound on the real codimension of Si plays a fundamental role. Now 
define 

m 

Tpj : = 

i=i 

For each j £ N, ifj is defined as a product of a finite number of non negative Lipschitz functions with compact 
support and bounded above by 1. Therefore ipj is in turn a non negative Lipschitz function which compact 
support and bounded above by 1. Thus, arguing as above, we can conclude that {'0y}yePJ C ^(do.min) on 
(V 1 , h'). Clearly for each ipj we have 0 < ipj < 1 and lim^oo ipj = 1 pointwise. Now we have to show that 

lim , d(j . m inf/ J i 7 ')L 2 0 1 (V / h f ) = 0- (59) 

3 -> °° 


We have do.minVb = YaLi T^o.minVh, M t where 7 * is given by the product V’j.Mi—' 15 y 
the fact that 0 < 7 * < 1 to establish (59) it is enough to show that 

lim {d 0: mintpj,M p ,do,mintpj,Ma)L^(v',h') = 0 for each p,q£ {1,..., to}. 

j-foo 


This follows because 


(do,min'4 > j,M p ; do,min' ! /’i,M 9 )i 2 Q 1 (V ,h’) — \\do,min' t Pj,M p 11 L^Q. 1 (V' ,h') II do i min' t Pj,M q 11 L 2 ^ 1 (V' ,h' 


and, by (|58|), we have 


and 


lim | 

j~* °o 


do,minP>j,M p \\L 2 n 1 (V',h') = 0, 


lim \\d 0B 

3 ~* oo 


ai’j,M q \\L 2 U 1 (V',h') ~ 0- 


This allow us to conclude that on ( V ', h') there is a sequence of Lipschitz functions with compact support 
{i/’jj-jgN which satisfies the three properties stated in this proposition. Now let g be the Kahler metric on 
V' defined as ir*g. We can look at g as the pull-back of the Fubini-Study metric on CP" through the map 
7 T : V —> CP". By the fact that c? 7 r, the differential of 7 r, degenerates on V \ V' we get that g < Ch !, for some 


positive real constant C > 0. Now, as an immediate application of Prop. 4.1 we can conclude that the sequence 
{i/jjljgN satisfies the three properties stated in this proposition also with respect to the Kahler manifold (V 7 , g). 


Finally, by the fact that tv\v : (V',g) 
desired sequence on (reg(V),p). 


(reg(K), < 7 ) is an isometry, defining < f>j \= ipj o (t:\v'Y 


we obtain our 

□ 


Now we have the main result of this section. 


Theorem 4.1. Let V C CP" be an irreducible complex projective variety of complex dimension v. Let E be a 
vector bundle over reg(K) and let h be a metric on E, Riemannian if E is a real vector bundle, Hermitian if E 
is a complex vector bundle. Let g be the Kahler metric on reg(H) induced by the Fubini-Study metric of C P". 
Finally let V : C°°(ieg(V), E) —> C°° (reg(V) ,T* reg(K) ® E) be a metric connection. We have the following 
properties: 

• W 1 , 2 (reg(V r ), E) = W 0 1 , 2 (reg(K), E). 

• Assume that v > 1. Then there exists a continuous inclusion W 1 , 2 (reg(K), E) c —>• L^ 1 (reg(K), E). 


Assume that v > 1. Then the inclusion W 1 , 2 (reg(V r ), E) L 2 (jeg(V),E) is a compact operator. 

The continuous inclusion Wq , 2 (reg(K), g) c -4 


Proof. The first point follows by Prop. 4.2 and by Prop. 


3.1 


L “- 1 (reg(K), g) is established in J3Tj pag. 874 or in )15| pag. 113. Now, by the first point of this theorem (or 
by IS] Theorem 4.1 or by [|5| Cor. 3.1), we know that W 1 ’ 2 (reg(V'), g) = Wn’ 2 (r eg(K ), g) and therefore we 


have the continuous inclusion W 1 , 2 (reg(K), g) ^ L*- 1 (reg(K),g). Now, using Prop, 
inclusion 

C7°°(reg(V), E) n W 1,2 (ieg(V), E) ^ L (reg(V), E). 


2.1 


we get the continuous 
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Finally, by the density of C°°(reg(l / ), A) n W 1 ' 2 (jeg(V),E) in W 1,2 (reg(V), E), see Prop. 1.2 the continuous 


inclusion W /1,2 (reg(P), E) ^ L^- 1 (reg(Vj, E) is established. Finally the third point is a consequence of the 
second point and Prop. |3.3| □ 


Remark 4.1. We can reformulate the statement of Theorem f.l saying that A(V max ) = 2?(V m i n ), there exists 
a continuous inclusion D(V m ax ) (reg(Vj, E) and that the natural inclusion 0(V max ) A 2 (reg(E), A) 

is a compact operator where 2?(V max ) is endowed with the corresponding graph norm. 


Corollary 4.1. Under the assumptions of Theorem 4-1 Then im(V m i n ) = im(V max ) is a closed subspace of 
A 2 (reg(P), T* reg(P) ® E ). 


Proof. According to Prop. 4.1 we know that V r 


= V r 


and therefore im(V r 


thesis follows by Cor. 3.1 


t) = im(V min ). Now the 

□ 


We conclude this section with the following proposition. The case of the Dolbeault operator is already 
treated in I4TI. 


Proposition 4.3. Let (reg(P),< 7 ) be as in Theorem 4-1 Let E and F be two vector bundles over reg(E) 
endowed respectively with metrics h and p, Riemannian if E and F are real vector bundles, Hermitian if E and 
F are complex vector bundles. Finally let V : C°°(reg(Vj, E) —> C°°(M , T* reg(P) ® A) be a metric connection. 
Consider a first order differential operator of this type: 


D:=e 0 o\7: C c °°(reg(V), E) -> A c °°(reg(V), F) 

where 9q £ C°°(reg(P), Hom(T* reg(P) ® E,F)). Assume that 9q extends as a bounded operator 

9 : A 2 (reg(E),T* reg(V') (g> JS7) —>• A 2 (reg(P), A). 

Then we have the following inclusion: 

P(A„ax) n A°°(reg(P), E) C V(D min ). 


(60) 


(61) 


In particular (61) holds when D is the de Rham differential dk '■ n(?( re g(X)) * ^c +1 ( re g(^ r )); a Dirac operator 

D : C£°(reg(V), E) —> Cf°(reg(V), E) or the Dolbeault operator d Piq : reg(V')) —> fl(!’ 9+1 (reg(P)). 


Proof. This follows applying Theorem WTl and Prop. 3.2 


□ 


4.2 Schrodinger operators on irreducible complex projective varieties 

As in the previous section consider again an irreducible complex projective variety V C CP" of complex 
dimension v. Let reg(P) be its regular part and let A 1 be a vector bundle over reg(Vj endowed with a metric h , 
Riemannian if A is a real vector bundle, ermitian if A is a complex vector bundle. Finally let g be the Kahler 
metric on reg(P) induced by the Fubini-Study metric of CP" and let V : C'°°(reg(P), A) —► C°°(reg(y),T*M® 
A) be a metric connection. In this section we consider again some Schrodinger type operators 

V* o V + L (62) 

where V* : C™ (reg(P), T*M «A)-> C“(reg(V), A) is the formal adjoint of V and L £ C'°°(reg(P),End(A)). 

Theorem 4.2. Let V, E, g, h, and V be as described above. Let 

P := V* o V + A, P : Cf° (reg(V'), A) -+ C™(reg(V), A) 

be a Schrodinger type operator with L £ C°°(reg(V), End(A)). Assume that: 

• P is symmetric and positive. 

• There is a constant c £ R. such that, for each s £ C°°(reg(V), E), we have 

h(Ls, s) > ch(s , s). 
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Let P p : L 2 (ieg(V),E) —► L 2 (jeg(V), E) be the Friedrich extension of P and let A p : L 2 (reg(V),g) —» 
L 2 (reg(V), g) be the Friedrich extension of A 0 : C^°(reg(V r )) — > C£°(reg(V)). Then the heat operator asso¬ 
ciated to P p 

e~ tp ^ : L 2 (reg(V),E) —► L 2 (veg(V),E) 
is a trace class operator and its trace satisfies the following inequality: 

Tr(e~ tp ) < me~ tc Tr(e _4A ° ). 
where m is the rank of the vector bundle E. 

Proof. This follows by Prop. |3.5| and by Theorem |4.1[ 


(63) 


□ 


Corollary 4.2. Under the assumptions of Theorem f.2. The operator P p : L 2 (reg(V),E) —> L 2 (ieg(V), E) is 
a discrete operator. Moreover, for t £ (0,1), we have the following inequalities: 


tr (kp(t,x,x)) < me 4c (47rf) U (1 H--—- t + 0(t 2 )) 


(64) 


Tr(e ) < me 4c (47 it) v vol g (reg(V))(l + 


Av{v + 1) 

6 


t) + 0(t 2 ) . 


(65) 


Let {Aj} be the sequence of eigenvalues of P p : L 2 (reg(V), E) —> L 2 (jeg(V),E). Then we have the following 
asymptotic inequality: 


( 2 t t) 2v J 


V 


Xj V u 2v m vol g (reg(V)) J 


+ c 


( 66 ) 


as j —» oo where w> 2 V is the volume of the unit 2 v-ball in M 2,1 ’. 

Proof. The fact that P p : L 2 (ieg(V), E) —> L 2 (reg{y),E) is a discrete operator is a consequence of Theorem 


4.2 Inequalities (641, (65) and (66) follow by Theorem 4.2 and Corollary 5.4 in 


□ 


An important case of the previous corollary is given by (V* o V) , the Friedrich extension of the Bochner 
Laplacian V* o V : C£°(reg(V), E) —» C^°(reg(V), E). As before we label by k^t oV (t,x,y) and by k/± 0 (t,x,y) 
the smooth kernel of the heat operators e -4 *^ oV ) and e~ tA ° respectively. 

Corollary 4.3. Let V,E,h and g as in the statement of Theorem \f.2\ Consider the Bochner Laplacian 

V 4 o V : C™(veg(V),E) -+ C%°(reg(V),E). 

Let 


(V 4 o Vf : L 2 (reg(V), E) L 2 (reg(P), E) 

be its Friedrich extension. Then 

e _ t(v *oV)^ . L 2 ( reg (y) jjE ) _> L 2 (reg(V),E) 

is a trace class operator; its pointwise trace and its trace satisfy respectively the following inequalities: 

tr(fc v *ov(C x i x )) ^ m(4:TTt)~ v (l + + 0(f 2 )) 

6 

Tr(e _4 ^ v oV ^) < m(4:Trt)~ v ^vol g (reg(P))(l + ^ — t) + 0(t 2 ) 

for t £ (0,1). Furthermore (67) is a discrete operator and its sequence of eigenvalues, {Ay} 7 satisfies the 
following asymptotic inequality: 

(27r) 2 ^ 


(67) 

( 68 ) 

(69) 

(70) 


Xj > 


w 2l ,mvol g (reg(V r )) 


(71) 


as j —» oo where UJ 2 V is the volume of the unit 2 v-ball in K . Finally a core domain for (67) is given by 

{s £ C°°(reg(P), E) D T 2 (reg(P), E), Vs £ L 2 (reg(P), T* reg(F) ( 8 ) E), V 4 (Vs) £ L 2 (reg(P), E)}. (72) 


The last statement is equivalent to say that V* o V, with domain given by (72), is essentially self-adjoint. 
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Proof. The assertion (681 (71) follow by Theorem 4.2 and Corollary 


4.2 


we have (V* o V)^ = 

V^x ° v min by Prop. 2.2 Moreover, by Prop. 0 ‘ we know that C°° (reg (V), E) D o V m i n ) is dense 

in 2?(V max o V m in) with respect to its graph norm and by Theorem | 


4.1 


For 


we know that V IT1 ax = V 


' min 


and 

therefore V^ ax = V* lhl . All together these propositions imply immediately (72). Finally we point out that 
the discreteness of ( [67] ) follows already by Theorem 4.1 when v > 1 . In fact we know that the inclusion 
77 (V ma x) L 2 {reg( V), E ) is compact where 27(V max ) is endowed with its graph norm. Moreover, as showed 
in the proof of Prop. |l.l[ the inclusion V({S7 t o V)^) 77(V max ) is continuous where again each domain is 
endowed with its graph norm. Therefore the inclusion 2?((V* o V)^) L 2 (reg(V),E) is a compact operator 
and this is well known to be equivalent to the discreteness of (V* o V)^ : L 2 {veg{V),E) — > L 2 (reg(V), E). □ 

Proposition 4.4. Under the assumptions of Theorem 14-21 Assume that the complex dimension of V satisfies 
v > 1. Let kp(t,x,y) and \\kp(t,x,y)\\h, 0 p be as in the proof of Theorem 3.5 Then the following inequality 
holds for 0 < t < 1 : 

\\k P (t,x,y)\\h,op < Ce~ tc t~ v . (73) 

This implies that 

1. e~ tp * is a ultracontractive operator for each 0 < t < 1. This means, see 
there exists Ct > 0 such that 


', that for each 0 < t < 1 


-tp-' 


s||L“(reg(y),B) < C t || s|| L i (reg(V),E) 


for each s £ L 1 (reg(V), E). In particular, for each 0 < t < 1, e tp : L 1 (reg(V),E) —► L°° (ieg(V), E) is 
continuous. 

2. If s is an eigensection of P p : L 2 (Teg(V),E) —► L 2 (ieg(V),E) then s £ L°°(reg(V), E). 

Proof. This follows by Prop. |3.6| and by Theorem |4.2[ □ 

With the next result we extend Cor. 5.5 of m to our setting. We refer to [53] for the notion of degree of a 
complex projective variety. 

Theorem 4.3. There exists a positive constant 7 = 7 (d,n,m), that is 7 depends only on the dimension of 
the ambient space CP™, on the degree d and on the rank m, such that for every irreducible complex projective 
variety V C CP” of degree d, for every vector bundle E on reg(V) of rank m endowed with an arbitrary metric 
h and for every Schrodinger type operator P : C%°( reg(P), E) —> C%°( reg(V'), E) as in Theorem f.2 with L > 0, 
the ( md)-th eingenvalue of P p , that is \ m d, satisfies the following inequality: 


0 < 7 < A 


md • 


(74) 


Proof. As first step we show that A m d ^ 0. By (23) we have a continuous inclusion V{P :F ) ^ T>(V m i n ) where 
each domain is endowed with the corresponding graph norm. Consider now s £ ker {P p ). Then, by Prop. 


4.4 and by the fact that P is elliptic, we have s £ L°°(veg{V),E) D C°°(reg(V), E). We want to show that 


s £ ker(V m i n ). Let {4>k}k& n be a sequence as in Prop. |4.2[ Then we have: 

0 = P S = ( P S, s)i 2 (reg(V),i5) = (7"* s i < / > fc s )i 2 (reg(V),J5) = (Vs) T Ls, <j>kS) L 2 (ieg(V),E) (75) 


k—t oo ’ k—t oo 

) 

> fc 1 ™ 0 ( Vs > V(^fc«))l, 2 ( reg(V),E) = J™.( Vs > s ) L 2 ( re g(V),E) + 20fc(d O , m i n </>fc) ® S )L 2 (reg(V),E) 


lim (Vs, ^7 (tfkS)) L 2 (reg(V),E) lim (L((j)kS), (jkS) L 2(reg(V),E) 

k—yoo u 


k—y oo 


k—y oo 


= l!Vs ||| 2 (reg(V),T* reg(V)0B)‘ 

In the computations of the limits above we used the Dominate convergence Theorem to deduce that 

^k'^ S )L 2 (reg(V), T * reg (V)®E) = 11 V S II L 2 (reg(V) ,T* reg (V)®E) 


and the inequality 

(VS, (f>k (do,min0fc) ® s)) L 2 (reg(V) ,T* reg (V)®E) — 1 1 V S || p 2 (reg(V), T* reg (V)<g)E) || ^|| L°° (reg(V),E) IMc^min^fc || L 2 ^ 1 (reg (V) : g) 

to deduce that 

lim (V S, ‘hcjk (dtymin^fc) L 2 (reg(V) ,E) — 0- 
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By (75) we can thus conclude that Vs = 0. This tells us that ker(P“ F ) is made of parallel sections and this in 
turn implies that dim(ker(P- ;F )) < m. Hence for the eigenvalues of P ^ we have 

0 £ Ao A Ai A C A m _ 2 ^ A m _ 1 ^ A m A 

and so we proved that A m d y 0. 

Now we proceed adapting to our context the proof given in m, Cor. 5.5. Let gFS be the Fubini-Study metric 
on CP”. Let us label by k(t,x,y) the heat kernel of the unique self-adjoint extension of the Laplacian Ao 
acting on C°°(CP") that, with a little abuse of notation, we still label by A 0 : L 2 (CP", gFs) —► L 2 (CP”, gFs)- 
If we denote by r : CP" x CP" —► R. the distance function indu ced by the Fubini-Study metric then we 
know that k(t,x,y) = k(t,r(x,y)), see [31]. Therefore, by Theorem 4.2 and Theorem 2.1 in [31], we get that 


(76) 


tr(e tp ) < me tc k(t, 0). Moreover, for e tA ° : L 2 (CP",g F s) L 2 (CP n ,gFs), we have 

r. OO 

vol FS (CP")fc(f, 0) = / k(t, 0) dvol 9FS = Tr(e" tA °) = V e~*^ < (1 + b(n)t~ n ) 

J CP" 


3 =0 


where b(ri) is a positive constant depending only on n, jij is the (j + l)-th eigenvalue of A 0 : P 2 (CP", gFs) —► 
L 2 (CP",g F s) and vol F s(CP") is the volume of CP" with respect to the Fubini-Study metric. In particular the 
last inequality in (76) comes from the asymptotic expansion of k(t, 0) and holds for t £ (0,1). Hence, integrating 


tr(i 


,-t-P 


) and k(t, 0) over reg(V'), we have: 


Tr(e !pJ )<me tc vol g (reg(F))fc(f, 0) = me tC ^Fs (CP^) 


and finally, using the fact that volg(reg(F)) = dvolps 


(l + J2 e ~ tH ) < rne- ^°Y re ^ (1 + b(n)t~ n ) 


j=i 

Q we get 


voIfsCCP" 


q + ^2 e tXj < me tc d(l + b(n)t ") 


(77) 


i=q 


where A j is the (j + l)-th eigenvalue of P^ and q := dim(ker(P- F )). Clearly we have A m d > A j for md > j. This 
in turn implies that e~ tXmd < e~ tXj for every j < md and therefore (md — q + l)e _tAmd < J2p=q e~ tXj ■ In this 
way for every 0 < a < X m d, performing the substitution t = we get from the following inequality 


q + (md — q + l)e “ < me tc d 1 -f b(n) 


(—Y 

V Xmd J 


and therefore 


which in turn implies 


a 


a 


q — md + (md — q + l)e 
mdb(n ) 

—md + (md + l)e~ 


< md 1 + b(n) 


f: Xmd 


(—) 

\ Xmd J 


(78) 


idb(r 


^ Xmd- 


(79) 


Clearly, choosing a sufficiently small, we have —md + (md + l)e “ > 0 and hence the thesis follows defining 

1 

" —md + (md + l)e _ 


7 := a 


idb(n ) 


□ 


As an immediate consequence of Theorem |4.3| we have the following corollary. In the case N = C we get 
Cor. 5.5 in [5T| . 

Corollary 4.4. There exists a positive constant 7 ' = 7 '(d,n), that is 7 ' depends only on the dimension of the 
ambient space CP" and on the degree d, such that for every irreducible complex projective variety V C CP" 
of degree d, for every Hermitian line bundle ( N , h) on reg(F) and for every Schrodinger type operator P : 
Cf° (ieg(V), N) —> C%°(reg(V), N) as in Theorem f.2 with L > 0 we have the following uniform lower bound 
for Xd, the d-th eigenvalue of P^: 

0 < 7' < Xd - (80) 


^-see for instance eh pag. 876 or EB Pag- 97 
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Finally we conclude the section with the following applications. For the definition and the general properties 
of Dirac operators we refer to the the books i, m Eg and [30] . 


Corollary 4.5. Let V, E, g and h be as in Theorem \4- 1\ Assume that E is a Clifford module. Let D = c o V 

D : C%°(reg(V), E) C7 c °°(reg(fo), E) (81) 

be a Dirac operator where V : C°° (reg(V), E) —> C'°°(reg(y), T* reg(fo) ® E) is a metric connection and 
c £ Hom(T* reg(fo) ® E, E) is the bundle homomorphism induced by the Clifford multiplication. Let D 2 be the 
Dirac Laplacian and let L be the endomorphism of E arising in the Weitzenbock decomposition formula, see lfOf 
pag. 43-44, 

fi 2 = V t oV + I. (82) 


such that h(L(j),<f>) > ch((f>,(f>) for each <f> £ C[°(reg(V), E). Then 
4-2j Corollary \4-2\ and Prop. 4-4 hold for e~ tD ~’ 


Assume that there is a constant c £ 
Theorem 


where Dis the Friedrich extension of D 2 . In 


particular 


„—tD 


e - : L 2 (i'eg(V), E) —> L 2 (reg(V), E) 

is a trace class operator and D 2 ' jr : L 2 (reg(V),E) —> L 2 (reg(V), E) is a discrete operator. 
As application of the previous theorem we have the following corollary. 


Corollary 4.6. Let V and g be as in Theorem 4-T Assume that reg(fo) is a spin manifold and assume moreover 
that s g , the scalar curvature of g, satisfies s g > c for some c £ R. Let E be the spinor bundle on reg(fo) and let 


d : C[°(reg(V), £) C[°(reg(V), E) 

be the associated spin Dirac operator. Then Theorem\4-2\ Corollary \4-2\ and Prop. 4-4 hold for 


-tfr 


: L 2 (reg(fo), E) —> L 2 (reg(fo), E). 


(83) 


(84) 


In particular (84) is a trace class operator and 3 : L 2 (reg(fo),E) L 2 ( reg(V'),E) is a discrete operator. 

Proof. It is a consequence of the Lichnerowicz formula, 3 2 = V* o V + |s g , see for instance ES3 pag. 160. □ 

Corollary 4.7. Let V C CP" be an irreducible complex projective variety of complex dimension v. Let g be 
the Kahler metric on reg(fo) induced by the Fubini Study metric of C P". Let k £ {0, ...,2v} and consider the 
Bochner-Weitzenbock identity for the Laplacian A k : fl k (reg(V)) —i fl k (reg(V)), see [304 pag. 155 or m pag. 

43-44 . 

A k = Vj. ° Vfc + L k , (85) 

where V k : D k (reg(V)) —> C°°(reg(fo), T* reg(fo) (g> A fc T* reg(V)) is the metric connection induced by the Levi 
Civita conneection. Assume that there is a constant c such that ( L k ri,r])g k > c(r],r]} gf . for each 77 £ fl£(reg(fo)). 
Let Af be the Friedrich extension of A k and let 


e -tA k . iW(reg( y) i5 ) L 2 n k (reg(V),g) 


( 86 ) 


be the heat operator associated to A[f. Then ( 86 ) is a trace class operator. In particular Theorem 4-2 Cor. 4-2 
and Prop. 4-4 hold for ( 86 ). 

Consider now the Hodge-Kodaira Laplacian A pqg : reg(V')) —> Ll p,q (ieg(V)) such that p + q = k. Let 

A - 77 , be the Friedrich extension of A„ „ o and let 

p,q,o P1Q1 0 


e tA p-i- a : L 2 n p ’ q (reg(V), g) —> L 2 D p, 9 (reg(fo), g) 


(87) 


be the heat operator associated to A^^. Then (87) is a trace class operator. As in the previous case Theorem 


4-2. Cor. 4-2 and Prop. 4-4 hold for (87). 


Proof. The first part of the theorem, that is the one concerning with A^", is an immediate application of 

The second part follows by the fact that A k = 2 © p+g=fc A p g and that, 


Theorem 


4.2 


Cor. 


4.2 


and Prop. 


4.4 


see for instance 0] pag. 169, Af = 2 © p+q=fe Aj^ g . 


□ 
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5 Applications to stratified pseudomanifolds 

This last section contains applications concerning Thom-Mather stratified pseudomanifolds. We start recalling 
briefly the basic definitions and properties. We first recall that, given a topological space Z, C{Z) stands for 
the cone over Z that is Z x [0,2)/ ~ where (p, t) ~ (q, r) if and only if r = t = 0. 

Definition 5.1. A smoothly Thom-Mather stratified, pseudomanifold X of dimension m is a metrizable, locally 
compact, second countable space which admits a locally finite decomposition into a union of locally closed strata 
0 = {!„}, where each Y a is a smooth, open and connected manifold, with dimension depending on the index a. 
We assume the following: 

(i) If Y a , Yp £ © and Y a fl Yp ^ 0 then Y a CYp 

(ii) Each stratum Y is endowed with a set of control data Ty,7r>- and py ; here Ty is a neighborhood ofY 

in X which retracts onto Y, tt y : Ty —> Y is a fixed continuous retraction and py ■ Ty —t [0, 2) is a 
continuous function in this tubular neighborhood such that p Y (0) = Y . Furthermore, we require that if 
Z £ © and Z D Ty 7 ^ 0 then (7 ry, py) : Ty n Z —> Y x [0, 2) is a proper smooth submersion. 

(in) IfWfiY, Z £ 0, and if p £ Ty fl Tz D W and ttz(p) £ Ty fl Z then 7ry(7rz(p)) = 7r y(p) and Py(ttz(p)) = 

Py (p) • 

(iv) If Y,Z £ 0, then Y nZ ± 0 &T y nZ^ 0 , Ty nT z £ 0 4* Y CZ,Y = Z or Z c F. 

(v) For each Y £ 0, the restriction ny : Ty —>■ Y is a locally trivial fibration with fibre the cone C(Ly) 

over some other stratified space Ly (called the link over Y ), with atlas Uy = {(</>,li)} where each <fi 
is a trivialization n^fU) —> U x C(Ly), and the transition functions are stratified isomorphisms which 
preserve the rays of each conic fibre as well as the radial variable py itself, hence are suspensions of 
isomorphisms of each link Ly which vary smoothly with the variable y £ U. 

(vi) For each j let Xj be the union of all strata of dimension less or equal than j, then 

X m _i = X m _2 and X \ X m _ 2 dense in X 

The depth of a stratum Y is largest integer k such that there is a chain of strata Y = Y fc , ...,Y 0 such that 
Yj C Yj- 1 for 1 < j < k. A stratum of maximal depth is always a closed subset of X. The maximal depth of 
any stratum in X is called the depth of X as stratified spaces. Consider the filtration 

X = X m D X m _i = X m _ 2 D X m _ 3 D ... D A' 0 . (88) 

We refer to the open subset X \ X m _ 2 of a smoothly Thom-Mather-stratified pseudomanifold X as its regular 
set, and the union of all other strata as the singular set, 

reg(X) := X \ sing(X) where sing(X) := |^J Y. 

re©,de P th(r)>o 

Given two Thom-Mather smoothly stratified pseudomanifolds X and X' , a stratified isomorphism between them 
is a homeomorphism F : X —► X' which carries the open strata of X to the open strata of X' diffeomorphically, 
and such that 7r ' F t Y } °F = Fony , p' F ^oF = py for all Y £ 0(X). For more details, properties and comments 
we refer to m, uni, m and the bibliography cited there. Here we point out that a large class of topological 
space such as irreducible complex analytic spaces or quotient of manifolds through a proper Lie group action 
belong to this class of spaces. 

As a next step we introduce the class of smooth Riemmanian metrics on reg(X) which we are interested in. 
The definition is given by induction on the depth of X. We label by c := (c 2 , ...,c m ) a (to — l)-tuple of non 
negative real numbers. 

Definition 5.2. Let X be a smoothly Thom-Mather-stratified pseudomanifold and let g be a Riemannian metric 
on reg(X). //depth(X) = 0, that is X is a smooth manifold, a c-iterated edge metric is understood to be any 
smooth Riemannian metric on X. Suppose now that depth(X) = k and that the definition of c-iterated edge 
metric is given in the case depth(A) < k— 1; then we call a smooth Riemannian metric g on reg(X) a c-iterated 
edge metric if it satisfies the following properties: 
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5.1 


• Let Y be a stratum of X such that Y C i; by Def. 

neighbourhood U of q in Y such that 


fo 


r each q £ Y there exist an open 


4> : ?r r 1 (U) 


U x C(L y ) 


is a stratified isomorphism; in particular, 

(j) : nreg(A') —>U x reg {C(L y )) 


is a smooth diffeomorphism. Then, for each q £ Y, there exists one of these trivializations ( <f >, U ) such 
that g restricted on ny (U) fl reg(A) satisfies the following properties: 

( ( T 1 )*(sL- 1 ([/) nreg(A-)) ~ dr2 + hu + r 2Cm -'g LY (89) 


where m is the dimension of X, hjj is a Riemannian metric defined over U and g^ Y is a (02, ...,c m _i_i)- 
iterated edge metric on reg (Ly), dr 2 + hjj + is a Riemannian metric of product type on U x 

reg (C(Ly)) and with ~ we mean quasi-isometric. 


We remark that in (89) the neighborhood U can be chosen sufficiently small so that it is diffeomorphic to 
(0,1)* and hu it is quasi-isometric to the Euclidean metric restricted on (0, l) 1 . Moreover we point out that 
with this kind of Riemannian metrics we have vol s (reg(A')) < oo in case X is compact. There is the following 
nontrivial existence result: 


Proposition 5.1. Let X be a smoothly Thom-Mather stratified pseudomanifold of dimension m. For any 
(m — 1 )-tuple of positive numbers c = (c 2 , ...,c m ), there exists a smooth Riemannian metric on reg(A) which is 
a c-iterated edge metric. 

Proof. See uni or [2] in the case c = (1,1,1). □ 

When c = (1,..., 1) we will call this kind of metrics simply iterated edge metric. 

The importance of this class of metrics lies on its deep connection with the topology of X. In fact, as pointed out 
by Cheeger in his seminal paper m (see also [ 5 ] and the bibliography cited there for further developments ) the 
L 2 -cohomology of reg (A) associated to an iterated edge metric is isomorphic to the intersection cohomology of 
X associated with a perversity depending only on c. In other words the L 2 -cohomology of these kind of metrics 
(which a priori is an object that lives only on reg(A')) provides non trivial topological informations of the whole 
space A. 

Now we have the following proposition which assure the existence of a suitable sequence of cut-off functions. 

Proposition 5.2. Let X be a compact, smoothly Thom-Mather stratified pseudomanifold of dimension to. 
Consider on reg(A) an iterated edge metric g. Then there exists a sequence of Lipschitz functions with compact 
support contained in reg(A), such that 

• 0 < <pj < 1 for each j. 

• (j>j —> 1 pointwise. 

• C f>j £ T^(do ; min) for each J £ N and lim^—^oo |jdo i niin^ ) < ;||L 2 Sl 1 (reg(\ / ),g) — 0. 

In particular 1 £ ^(do.min)- 

Proof. See [6j. □ 

Theorem 5.1. Let X be a compact, smoothly Thom-Mather stratified pseudomanifold of dimension m. Con¬ 
sider on reg(A') an iterated edge metric g. Let E be a vector bundle over reg(A) and let h be a metric 
on E, Riemannian if E is a real vector bundle, Hermitian if E is a complex vector bundle. Finally let 
V : C'°°(reg(A), E) —> C , °°(reg(P), T* reg(A) (g) E) be a metric connection. We have the following proper¬ 
ties: 

• W 1,2 (reg(A), E) = W^ 2 (reg(X), E). 

• Assume that m > 2. Then there exists a continuous inclusion IT 1,2 (reg(A), E) L m ~ 2 (reg(A), E). 

• Assume that to > 2. Then the inclusion W 1,2 (jeg(X),E) ► L 2 (reg(X),E) is a compact operator. 
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Proof. The first point follows by Prop. 5.2 and by Prop. 


3.1 


The continuous inclusion Wq 2 (reg(X), g) c —>• 
L m ~ 2 (reg (M), g ) is established in ^1] Prop. 2.2. By the first point of this theorem we know that W 1,2 (reg(X), g) = 
W^' 2 (reg(X), g) and therefore we have the continuous inclusion W' 1,2 (reg(X), g) "->• L m ~ 2 (reg(X), g ). Now, us¬ 


ing Prop. |2.1| we get the continuous inclusion 

C°° (reg(X), E) n W 1 ’ 2 (reg(A), £) ^ (regpQ, E). 

Finally, by the density of C°°(reg(X), E) n W 1,2 (reg(X), E) in W 1,2 (reg(X), E), see Prop, 
inclusion W 1,2 (reg(X), E) ^ L™~ 2 (reg (X),E) is established. Finally the third point is a consequence of the 
second point and Prop. |3.3| □ 


1.2 


the continuous 


Corollary 5.1. Under the assumptions of Theorem 5.1 Then im(V m i n ) = im(V n 
L 2 (reg(X),T* reg(X) ®E). 

Proof. According to Prop. 5.1 we know that V max = V m i n and therefore im(V m 
thesis follows by Cor. |3.1| 


x ) is a closed subspace of 

t) = im(V m i n ). Now the 

□ 

We have also the following application. 

Proposition 5.3. Let (reg (X),g) be as in Theorem \5.1\ Let E and F be two vector bundles over reg(X) 
endowed respectively with metrics h and p, Riemannian if E and F are real vector bundles, Hermitian if E 
and F are complex vector bundles. Finally let V : C°°(reg(X),E) —>■ C°°(reg(X),T* reg(X) (g> E) be a metric 
connection. Consider a first order differential operator of this type: 


D:=B 0 oX: C c °°(reg(X), E) C c °°(reg(X), F) 

where 9q £ C°°(reg(X),Hom(T* reg(X) ®E,F)). Assume that 9q extends as a bounded operator 

0 : L 2 (veg(X),T* reg(A') ® E) -> L 2 (reg(A), F). 

Then we have the following inclusion: 

H(flmax) n L°°(reg(A), E ) C V(D min ). 


(90) 


(91) 


In particular (911 holds when D is the de Rham differential db '■ flJ(reg(X)) —> n{? +1 (reg(X)) or a Dirac type 
operator D : Cf° (reg(X), E) -¥ C c °°(reg(AT), E). 


Proof. This follows by Theorem 1 5.1 1 arid Prop. |3.2 


□ 


Finally consider again the setting of Theorem 5.1 The remaining part of this section collects applications to 
some Schrodinger type operators 

V‘ o V + L (92) 

where V : Cf°(reg(X), E) —> Cf° (reg(X),T* M ® E) is a metric connection, V ( : C%°(reg(X), T*M ® E) -» 
Cf°(jeg(X),E) is the formal adjoint of V and L £ C°°(reg(X), End(-E)) is a bundle homomorphism. 

Theorem 5.2. Let X, E, g, h, and V be as described above. Let 

P ■= V* o V + L, P : C™{ reg(X), E) -»■ C%°(reg(X), E ) 

be a Schrodinger type operator with L £ C'°°(reg(A), End(l?)). Assume that: 

• P is symmetric and positive. 

• There is a constant c £ R such that , for each s £ C°° (ieg(X), E), we have 

h{Ls, s ) > ch(s , s). 

Let P* : L 2 (reg(X), E) —> L 2 (ieg(X),E) be the Friedrich extension of P and let Aq : L 2 (ieg(X),g) —> 
L 2 (reg(X),g) be the Friedrich extension of Ao : C^°(reg(A’)) —> Cf° (reg(X)). Then the heat operator associated 
to P^ 

e~ tp ^ : L 2 (reg(X), E) —► L 2 (reg(A), E) 
is a trace class operator and its trace satisfies the following inequality: 

Tr(e _tpJr ) < re~ tc Tr(e~ tA °) 
where r is the rank of the vector bundle E. 


(93) 
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Proof. This follows by Prop. |3.5| and by Theorem 1 5. 1[ 

Analogously to the previous section we have now the following corollaries. 


□ 


Corollary 5.2. Under the assumptions of Theorem 5.2 For each t £ (0,1) we have the following inequalities 
for the pointwise trace and for the heat trace of e~ tp respectively: 


tr (k P (t,x,x)) < rCe tc t 2 


Tr(< 


-tP J 


) < rCe~ tc vol g (reg(X))f t 25 


where C is the positive constant arising from Prop. 3.4 The operator P p : L 2 (reg(X), E ) —> L 2 (reg(X), E ) is 
a discrete operator. If we label its eigenvalues with 


0 < A 0 < Ai < ... < A n < ... 


then there exists a positive constant K such that we have the following asymptotic inequality 

A j > Kj ™ + c 

as j —► oo. 

Proof. This follows by Cor. |3.2| □ 

Corollary 5.3. Let X,E,h and g as in the statement of Theorem \5.2\ Consider the Bochner Laplacian 

V* o V : C£°(reg(X),E) -£ C™(reg(X), E). 

Let 

(V* o V)^ : L 2 (veg(X),E) -£ L\ reg(A), E) (94) 

be its Friedrich extension. Then 

e-*(v‘oV) J : L 2 (reg(X), E) —► i 2 (reg(X), E) (95) 

is a trace class operator; for every t £ (0,1) its pointwise trace and its trace satisfy the following inequalities: 

tx(k^t oV (t,x,x)) < rCt~ (96) 


Tr(e- t(vt ° v) ^) < rCYo\ g {reg{X))t^ 


(97) 


where C is the positive constant arising from Prop. 3.4 (94) is a discrete operator and its sequence of eigen¬ 
values, { Aj }, satisfies the following asymptotic inequality: 


A j > Ky 


(98) 


as j —¥ oo where K is a positive constant. Finally a core domain for (94) is given by 
{s £ C°°(reg(X),E) (1 L 2 (reg(X), E) : Vs £ L 2 (reg(X),T* reg(X) <g> E) and V f (Vs) £ L 2 (reg(X), E)j. (99) 


The last statement is equivalent to say that V* o V, with domain given by (99), is essentially self-adjoint. 


Proof. The proof of (99) is analogous to that we have provided for (72). The remaining points are consequences 
of Cor. □ 


Proposition 5.4. Under the assumptions of Theorem 5.2. Assume thatm> 1. Letkp(t,x,y) and\\kp(t,x,y)\\h,op 
be as in the proof of Theorem\3.5\ Then the following inequality holds for 0 < t < 1: 


II k P (t,x,'i 


|h,op _ 


< Ce~ tc t -f\ 


( 100 ) 


This implies that: 


30 












1. e tp is a ultracontractive operator for each 0 < t < 1. 
there exists Ct > 0 such that 


This means, see \4^j, that for each 0 < t < 1 


||e tp s|| £ «.( reg ( X ) jB ) < C't||s|| L i( reg (x),E) 

for each s £ L 1 (veg(X), E). In particular, for each 0 < t < 1, e~ tp:F : L 1 (reg (V),E) —¥ L°°(reg(X), E) is 
continuous. 

2. If s is an eigensection of P p : L 2 (reg(A), E) —► L 2 (reg(X),E) then s £ L°° (ieg(X), E). 

Proof. This follows by Prop. |3.6| and by Theorem |5.2| □ 

Analogously to the previous section we have the following applications to Dirac operators. 

Corollary 5.4. Let X, E, g and h be as in Theorem \5.1\ Assume that E is a Clifford module. Let D = c o V 

D : Cf°(reg(X),E) Cf°(reg(X),E) (101) 


be a Dirac operator where V : C°°(reg(A), E) —> C oc (reg(X),T* reg(A) 0 E) is a metric connection and 
c £ Hom(T* reg(A') 0 E, E) is the bundle homomorphism induced by the Clifford multiplication. Let D 2 be the 
Dirac Laplacian and let L be the endomorphism of E arising in the Weitzenbock decomposition formula, see \40^j 
pag. 43-44, 

D 2 = V* o V + L. (102) 


Assume that there is a con stant c £ 
Theorem 5.2 


such that h(Lcf>,(f>) > ch(<f>,(j)) for each <j> £ Cf°(reg(V),E). Then 
Corollary 5.2 and Prop. 5-4 hold for e~ tD where D 2,p is the Friedrich extension of D 2 . In 


particular 


e~ tD2 ' T : L 2 {reg{X),E) L 2 (reg(X),E) 
is a trace class operator and D 2 - jr : L 2 (reg(X), E) —> L 2 (reg(X),E) is a discrete operator. 


Corollary 5.5. Let X and g be as in Theorem \5.1\ Assume that reg(X) is a spin manifold and assume 
moreover that s g , the scalar curvature of g, satisfies s g > c for some c £ R. Let E be the spinor bundle on 
reg(X) and let 

d : C c °°( reg(X), E) C c °°(reg(X), E) (103) 

be the associated spin Dirac operator. Then Theorem\5.2\ Corollary\5.2\ and Prop. \5-4\ hold for 


e : L 2 (reg(A),S) L 2 (reg(A), E). 


(104) 


In particular (104) is a trace class operator and 3 : L 2 (reg(A'), E) —>• L 2 (reg(A'), E) is a discrete operator. 


Corollary 5.6. Let X and g be as in Theorem \5.1\ Let k £ {0, ...,m} and consider the Bochner-Weitzenbock 
identity for the Laplacian Afc : fl£(reg(A)) —> flf(reg(A)) ; see fWf pag. 155 or fJUj pag. 43~44> 


A/; — Vj. oV fe + L]. , 


(105) 


where V& : fl fe (reg(A)) —> C°°(reg(X),T* reg(X) 0 A k T* reg(A)) is the metric connection induced by the Levi 
Civita connection. Assume that there is a constant c such that (Lkr\,rf) gk > c(rj,7]) gk for each g £ fl(?(reg(A')). 
Let A p be the Friedrich extension of A^ and let 


e tA £ : L 2 fl k (reg(X), g) -> L 2 fl k (reg(X), g) 


(106) 


be the heat operator associated to A p . Then (|106 ) is a trace class operator. In particular Theorem 5.2 Cor. 


5.2 and Prop. 5.4 hold for (86). 
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